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PREFACE 


The study of Trigonometry at school may be divided into the 
following stages: 

(i) A course of Numerical Trigonometry should be taken by 
every pupil to crown the usual mathematical work in 
Arithmetic, Algebra and Geometry. 

(ii) A course of Algebraical Trigonometry should also be taken 
by all Science and Engineering pupils. 

(iii) A knowledge of the elements of Complex Numbers and 
Series is necessary for the serious Science and Engineering 
students. 

(iv) The study of Infinite Series and of trigonometrical functions 
of a Complex Variable must be taken by the Mathematical 
Specialists and the Physicists. 

This book is divided into four parts to meet the needs of the above 
studies. 

The book has a very large number of exercises in all parts, and 
the effort has been made to make these bear more directly than is 
usual in books on Trigonometry on the pupil’s work in other branches 
of Mathematics and Physics — e,g. Mechanics, Calculus, Co-ordinate 
Geometry and Light. Work in three dimensions is common through- 
out. All exercises are grouped under appropriate headings and 
carefully graded, and there are sets of Miscellaneous Examples and 
Papers for Revision. Another feature is a large number of worked 
examples chosen with the special object of developing systematic 
work ; they should be carefully studied, especially in Part I. 

While Part I is suitable for the beginner, the complete^book will 
take a pupil well up to the standard of University Scholarship 
Examinations, and leave him ready to read advanced treatises. No 
attempt has been made to tackle all the difficulties in the more 
advanced portions, but these have always been pointed out whera 
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they exist, and although much is left for the pupil to amplify, it is 
hfoped that there is nothing which he will have to forget* 

An index is provided and answers to exercises. 

We have to acknowledge the courtesy of H.M. Stationery Office, 
of the Oxfor^ and Cambridge Joint Board, of the Oxford Local 
Examinations Delegacy, of the Cambridge Local Examinations 
Syndicate, of the University of London for permission to include 
exercises from public examination papers. Finally we have to thank 
many colleagues and friends for suggestions and criticisms. 

A. W. S. 

B. T. H. 

Harrow, 
ifay, 1928. 
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CHAPTER XVII 

FUNCTIONS OF COMPLEX NUMBERS 

§ I. In Chapter xv complex numbers were introduced into the 
Binomial Series and the Exponential Series. This chapter deals first 
with the circular and hyperbolic functions of complex numbers and 
then with exponential and logarithmic functions of complex numbers. 

No attempt is made to produce a complete treatment, but only to 
introduce the subject, one which is full of pitfalls and difiQLculti6s.t 


§ 2. Circular Functions cf Complex Variables. 

When a function has been defined for a limited range of values and we wish 
to define it for an extended range, we usually take some property of the function 
that has been proved for the limited range and try whether that will furnish us 
with a definition for the extended range. (Eemember how the meaning of 10* was 
extended.) In such oases it is important to see that the new definition over the 
extended range includes the functions for the limited range, as particular cases. 


In Chap. XV, § 4 , we saw that, when x is real. 


/viS /m4 

oos* = l-|+g-... 

_ exp (ix) + exp (— ix) 

2 ’ 


8in» = *-j3+g-... 

_ exp (tx) ~ exp (— zx) 
- 2t 


If « is a complex number, cos and sin z have at present no mean- 
ing, but we shall take the above properties and define sin z and cos z 
as follows : 

Def. If 2; is a complex number, 

. exp (iz) + exp (— iz) . exp (tz) - exp (— iz) 

cos « = 9 sin « = — ' . 


These forms are, of course, merely shorthand for two infinite series. 

Now a„real number a; is a particular case of a complex number 
x + iy^A) that the above definition defines cos x and sin as, where x is 
real. 


t The student should pursue the subject in Hobson’s Triff&nometrjf, Hardy^ 
Pars MathematieSf or Ohryslal’s Atgehrom 


SHT 
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Further, in Chap, xv, §6, we pointed out that, if we defined oosx and 
siii X by means of these series, we couid deduce all the analytical 
results of Chaps, vi to viii. Hence we see that our new definition 
does not contradict the old definition. 


From this definition we can deduce the relations 

o 

cos (— z) = cos Zy sin (-«) = — sin z, , 

cos®« + sin®jj;= 1, 

cos (zi + ^ 2 ) = <50S cos z^ — sin % sin . 

sin («i + «a) = sin z^ cos z^ -f cos Zi sin z^, . 

T, . / X exp(» - e*P(- »*!+*») 

Kg. sm («, + «!,)= 2^ 


0 ) 

( 2 ) 

( 3 ) 

( 4 ) 


_ exp (t*i) exp (izi) — exp (— i*i) exp (— iz^ 

2i 

_ [exp (izi) - exp(— izj)] [exp (taj)+exp (- iz,)] 

_ _ _ 

[exp (iai.) + exp(-tgi)] [exp (tga)-exp(-tga )] 
2 2i 

= sin Zi cos »a + cos Zi sin 

As the formulae (1) to (4) above are now seen to be true for com- 
plex values of z as well as for real values, it follows that the formulae 
of Chaps. VI to VIII which were deduced from formulae (1) to (4) for 
real values are also true for complex values. 

Also as cos {z + 2w7r) = cos z cos 2nir - sin z sin 2mr = cos and 
similarly sin (« 2nir) = sin », etc., it follows that the circular functions 
of a complex variable have the same real periods as the corresponding 
circular functions of a real variable. 


§3. Hyperbolic Functions of Complex Variables. 

J ust as we have defined cos and sin for a complex variable by means 
of series, so we define cosh and sinh for a complex variable. 

Def, If » is complex, 

This definition obviously includes the definition for a real variable, 
and the formulae deduced in Chap, xv, § 7 for hyperbolic functions 
of a real variable also hold for a complex variable. 
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§4. Oonneotioii betweea Ciroular and Hyperbolic 
Fonotions. 


Since 




{izf (izy 

-1 |2 + ^ 

/. cosh z = cos (i»)* 

Similarly sinh ^ = j sin (iz) ; hence we have 

sin tz = i sinh «, cos iz ~ cosh », tan iz = { tanh 
sinh iz = i sin z, cosh iz = cos tanh iz = i tan z. 


From these relations it is possible to deduce formulae in hyperbolic 
functions from formulae in circular functions. 

These relations enable us to see that cosh z and sinh z have an 
imaginary period 27ri, and tanh z an imaginary period rri, e.g, 
cosh z = cos iz = cos (— 2nir + iz) 

= cos i (2n7ri + z) 

= cosh (2n7ri + z). 

See also § 8. 


§ 5 - 

real. 


Example !• Write tan (x + i^) in the form u+ tv, where x, y, u, v are 


tan (x + iy) = 


sin (x-^iy) 
cos {x + iy) 


2 sin (x + iy) cos (x - iy) 
2 cos (x + iy) cos (x - iy) 


sin 2x -f sin 2iy 
008 2x + cos 2iy 


sin 24; + 1 sinh 2y 
cos 2x + cosh 2y 

sin 24; sinh 2y 

008 247+ cosh 2y * ^**008 24? + cosh 2y * 


19-8 
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u* 


Emnpte If tan {x-^iyyssu-^-iv where x, y, u and v are realf prove that 
+t^+2ttcoC2a;=:l. ^ 

tan (jB -I- ty) = u + tv. 


tan {x-iy)=su-iv, 


tan {a;+«V + ^~%l 


{u+iv)‘h{u-iv) 
1- (w+tv) (u-ir) ’ 




tan2:B= 


2tt 

l-(u« + v*)’ 


.*. ti* + v* + 2u cot 2aj=a 1. 


Example liL If sin (A + iB) szcosd + i sin $ where A, B, 0 are real, prove that 
co8^A=:8inh^ B. 

sin (A + tB) sroos ^ + 1 sin 
sin A cos iB + cos A sin tB as oos ^ + { sin 0, 

/. sin A cosh B + 1 oos A sinh B = cos 0 + i sin 0» 
sin A cosh B =: oos 0, 
cos A sinh B =: sin 0, 

/. sin* A cosh* B + cos* A sinh* B = 1 , 

(1 - oos* A) (1 + sinh* B) + cos* A sinh* B = 1. 
sinh* B - 008 * Aas 0. 


EXERCISE XVII. a. 

\All Utters represent real numbers unless otherwise stoited^ 

1. Prove, from the definitions of § 2, that if 2 ; is a complex number; 

(i) sin 2t; as 2 sin % oos z, 

(ii) cos 2« a= C08*t! - sin*;B =S 2 008*;? - 1 a= 1 - 2 sin*^, 

(iii) cos {Zy - z^ a= cos z\ oos z^ + sin sin z ^ . 

a. Prove: 

(i) cosh + i a= < sinh x, (iv) cosh a= - i sinh x, 

(ii) sinh =f cosh x, (v) sinh - a; ^=si cosha?, 

(iii) tahh ^a?‘4- i ^ = 00 th x, (vi) tanh - a?^ = -^coth x. 

a« Dednoe formulae for the following, by the substitutions of § 4, from the 
analogous formulae in circular functions of real numbers : 

(i) oo8h(u+v), (iii) cosh2u, (v) sinh 2u+ sinh 2v. 

(ii) 8inh2if, (iv) tanhfiti, 
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4. Write in the form u+iv (t*«» separate into real and imaginary parts) : 

(i) sin (x + iy) , (iv\ sinh {x -f ip), (vii) tanh {x + iy). 

(ii) cos (a; -ip), (v) sec (a; + ip), 

(iii) cosh (a: -f iy)t (vi) ooseoh (a? + iy), 

d. If Bin{a + tp)=6dBd-i‘isme, 

prove that sin ± oos^a = ± sinh® /9. 

0* If sin {x + iy) = tan (u + iv), 

show that sin 2ti tanh p = sinh 2v tan x, 

7. If sin (a + i/9) =« + ip = (r, $), 

prove that 


a\ 1 ^ = 1 

' ' sin*a oos®a * cosh*/3 ^ Binh®/3 * 


(ii) tan tanh /3 oot a and r®= ^ (cosh 2/3 - cos 2a). 

8 . If a is acute and if 

tan ($ + i </>) = 008 a + i sin a, 

prove tkat = (2n + 1) ir and cosh 2y> sec a. 

8 . If tan (a; + ip) ^u-Viv, 

, u sin 2a; , cos 2a; 

prove that - = . - r -zr r- — g-— « = — 

V 8inh2p + 00Bh2p 

lO. If a;+iy=tan^(tt+ii;), 

then a;® + p® = 1 - 2a; oot M= - 1 + 2p coth v, 

and show that u is the angle between the lines joining the point (x, y) to the 
points (0, ik 1). 


11. If 

. , sma; , , sinhp 

tanh«= — r— and tanv=: 

cosh p cos a; 

prove that 

tanh (u + iv ) = sin (a; + ip). 

la. If 

cos(a+i/3)=(r, B), 

prove that 

_ . , sin(a-^) 

18 . If 

tan (a + i/3) s tan 0 + i sec 0, 


where a, fi, 0 are real, prove that 

2«=nT+|+^ and 4^=log(l±^). 
where n is any integer* 

14 . If cosh (a;+iy ) soot (ti+iv), 

prove that sinh 2v ooseo 2ti + tanh x tan p »0, 

and that ooth2v» - {co8h2a; + ooa2p + 2}/4sinha;8iiip. 
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§6. Inverse Circular Functions. 

If COB (aj + iy) = u + iv, 

then 0 ? + ty is defined as <m inverse cosine of u + iv. 

But cos {x + iy) = cos (2mr ±x-^iy) by § 2, so that 2mr ± (a: + iy) is 
in general an inverse cosine oi u-{‘iv for any integral, or zero, value 
of n. 

Hence we say that 

Oos“^ (u + iv) = 2nrr ± (a? + iy) or 2n7r + cos“^ {u + iv), 

where Cos is written instead of cos, to indicate that the many- 
valuedness of the function is being considered. 

We shall in future use cos~^ {u + iv) to represent the principal 
value (defined below) of Oos“^ (u + tv). 

The principal value of Cos"^ (u + iv) is that value for which 
the real part lies between 0 and ?r, or = 0 or tt. 

Note that this definition agrees with that for the principal value of cos**^ a, 
where a is real* See Chap, v, § 5, p. 86* 

Similarly if sin {x 4- iy) ^-iv, 

Sin""^ (u + iv) = nw + (- 1 )** (aj + iy) or nir + (— 1 )*^ sin”^ {u + iv), 

and if tan {x + iy) = w + iv, 

Tan”^ {u + iv) = wtt + (a; + iy) or nir + tan"^ {u + iv). 

The principal values of Sin*"^ (u + iv) and Tan”^ (w + iv) are in each 

case those values for which the real part lies between — -and + 

or or + g . See Chap, v, § 5, p. 86. 

Inverse Hyperbolic Functions. 

From § 4, it follows that 

Cosh*^ (u + iv) ss 2mn + cosh"^ {u + iv), 

Sinh"* (ti + iv) = nirf + (- 1)* sinh“^ {u + iv), 

Tanh"^ (w + iv) = mri + tanh”^ (u + iv). 
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§ *J. Example lv« Write eo>~* (cot $+i$in 0) in the form x+iy, where 0 i$ a 


positive angle < ir. 

Let cos“^ (cos ^ + i sin d) = « + 1 y . 

cos ^ + 1 sin d = cos (a; + iy) 

= 008 ajcosh y-i%inx sinh y, (i) 

cos X cosh y = cos * (ii) 

sin X sinh y = - sin ^ (iii) 

(iii), (l-oo8*ar)(cosh^y-l) = Bin2^, 
cosh^ y + cos^ a? - 1 - cos® x cosh® y = sin® $• 

(ii), oosh®y + cos®a;=l + cos®^+sin®d=2, 


0 

(ii), (coshy + oosaj)®=2+2oos^=4oos® 

0 

cosh y + cos a; = + 2 cos 5 (as cosh y > 1, ^ being + and < tt). 

a 

0 

Similajrly cosh y - cos a; = + 2 sin ^ (as cosh y > 1). 


and 


0 0 

cosh y = cos ^ + sin 
0 0 

oo8*=oos^-8in2. 


(iv) 

(v) 


( 0 0\ 

COS 2 2 )’ principal value of x corresponds to the 

principal value of oos~i (cos ^+t sin ^), and 

y = ± cosh”! ^ooa I + sin . 

Now X and d each lie between 0 and ir, so sin x and sin $ are both positive, 
by (iii) y = - oosh-^ ^cos | + sin 0 , 

oos“^ (cos 0 + i sin 6) = cos”^ ^oos | - sin - i cosh"** ^cos | + sin 

These results may be thrown into a neater form thus : 

(iv) l + sinh®y=l + sin 

(v) 1 - sin®ar=l - sin 0. 

X = sin*"^ ( ± hjein 0), y as sinh”^ (^/^ain 0). 

Also the principal value of x must lie between 0 and ir. 

/. 05= sin’’^(+ /s/sin e), 
y = - sinh-^ (V sin 0), 


and by (iii) 
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Emuple V* Write tanr^ (a + ip) in the form x + iy^ where a, p, x, y are real. 
Let tan”^ (a + {|8) = a? + iy . 

iaTi(x-{-iy)mia + ip* 


But 


+ from §5 gx. i. 

' oo8 2a5+oosh2y * ® * 


. flip Binh2y 

COB 2fiC+ cosh 2y* " cos 2a? + cosh 2y ’ * '' 

Now tan~^ (a + ip) is the principal value of the function, therefore a?, its real 

part, ^ positive, lies between 0 and ^ ; and, if negative, between 0 and ~ ~ . 

Therefore from (i) we see that a and a? always have the same sign, as the 
denominator is bound to be positive (cosh 2^ > 1 > cos 2a?) ; similarly p and y 
always have the same sign. 

A1 ^ \ ffl— ’i' ~ 

a p — ^ 2 ^j 2 — 2 ^ ^ 2 j^ja 

_ cosh 2y -cos 2a? 

” cosh 2y + cos 2a?* 

.1 a ioa 2 00 a 2a? .... 

® p ~0O8h2y + cob2«* 

l + 2oos^ 

^ cosh 2y + cos 2a? ' ' 

2o 2a 

and(i), (ii), tan2*=j— A 2*=nir + tan-' (iv) 

. WIT , 1 . 2a 

2 +itan . 

Two oases now arise. 


If a‘+/^< 1» n being taken such that x has the same sign as a, n must be aero 
for the principal value. 

If a*+/3^>l« for a? to have the same sign as a, n must be +1 if a is positive, 
and - 1 if a is negative. 

Hence 

tan-Ma + </J) = y.+ i tan-> + 1 J tanh-J 

where n has the value 0, ±1, according to the conditions above stated. 

If a*+/9^*lfrom (iv), 

tan"^ (a+ip)st^ + i^ tanh“i p. 
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\^All Utters represent real numbers unless otherwise stated.’] 
1. Prove that, if A + iB s sin~^ (cos ^ + i sin ^), then oos^ As* sinh* B. 

E. If cos""^ (a + 1/3) = A + tB, prove that 

(i) <i®8eo*A~/S®oosec* A = l, (ii) sech^B+/9^oo8doh^ B = l. 

a. Prove that one value of sin”^ I ^ 00B”'f +flog2. 


I. Show that one value of tan**^ |g equal to one value of ? + ^ log-^i^ • 

x^ty ^ 4^2 


a. Show that, if 

oosh~^ (x 4* iy) + cosh“^ {x - iy ) = cosh""! a, 
then 2 (a - 1) a;*+ 2 (a + 1) y*=a* - 1. 

a. If tan”! (I + iri) « sin~! {x + ty), 

prove that p + rj^=:{x^^ y^)/>/x^ + + 2aj V - 2aJ» + 2yH 1. 


If Sin-"!2=a + t/3, 

show that a=2wir + | and /9=;log (2±\/3), 

where n is any integer, 

#a. Prove that 

Oos-> 1*6 = 2nT + i log . 

#a. Prove that 

Sec"*! 0*5 = 2nir + 1 log (2 ±n/3). 

#10. Write sin""! (cos ^ + i sin in the form x+iy, where d is a positive 
angle <ir. 

#11. Write cos-! (a+ip) in the form «4-iy. 

# la. Prove that Tan-! (cos e+i sin 6) is equal to 

nr + j tanh-! (sin d), when cos ^ is positive, 

and tir-~+i|^tanh-!(8ind), when cos d is negative. 

#ia. Prove that, when a lies between 0 and r, 

Sin""! (coseoa) s2nw+^^i log tan | . 
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# 14 . Prove that 

Cos“i (sec a) = 2?it =»= i log (tan a + sec a), when sec a is positive, 
and (2n + 1) t i log (tan a ~ seo a), when seo a is negative. 

# 15 . Prove that 

Ooth-i(« + iy)=i log +*{""■ + ! tan-' i _ fa 1 y>[ ’ 

#15. Show that the general solution of a cos ^ + 6 sin ^ = c when c > is 

b ^ 

6 s= 2nir + tan"^ - ± t oosh”^ /■ .. ■ , 

b ^ 

provided the value assigned to tan~^ - is also a value of cos“i ^ . 

Exponential and LoaARiTH&iic Functions. 

§ 8. To show that the exponential function of a com- 
plex number is periodic^ the period being 29ri. 

We have already seen in § 4 that the hyperbolic functions, which are really 
exponential functions, have imaginary periods. 

In Chap. XV, §2, we defined the exponential function thus: 
exp(«) = l + |j +|2+ •••> 

and we showed that, if z = x + iyy where x and y are real, 
exp {z) = exp {x + iy) 

= exp (a?) exp (iy) 

= exp (x) (cos y + i sin y), 

exp (z) = exp (x) {cos (y + 2n7r) + i sin (y + 27t7r)}, 
where n is any integer, 

= exp (x) exp (i.y + 27i7r) 

= exp (a: + iy + i. 2nir) 

= exp (z + 2w7ri). 

.*• exp (z) has an imaginary period 29ri. 

§9 Def. If w » exp (»), z is defined to be the logarithm of w, or 
in symbols x as laog u. 

If s is real, we see that this definition agrees with the ordinary definition of 
the logarithm of a real number to the base e, Ue, the Naperian logarithm of the 
number. 
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Since, by § 8, exp (z) « exp (z + 2n7ri), it follows that z + 2riirt, the 
logarithm of w, is a many-vajued function ; this we denote by writiiig 
Log u for the general value* 

If log u denotes the principal value (defined in § 10 below) of 
Log since 

u = exp {z) = exp (z + 2mn), 

Log u = log u + 2nin. 


§ 10. To show that Log (r, 0) = log r + i(0 + 2ii9r). « 

Let Log (r, tf) = w + tv, 

(r, 6) = exp {u + iv) 

= exp (u) X exp (iv), 

r (cos 6 + 1 sin $) = exp (u) (cos v + i sin v), 
exp (u) = r and v = + 2n7r, 

= log r. 

Log (r, = log r + 1 (^ + 2w7r). 

De/, log (r, ^), the principal value of Log (r, $), is the value of 
log r + ^ (d + 2n7r) for which the angle lies between — tt and + tt, the 
limits including + ir but excluding — tt. 

If 05 + iy = (r, 0), tan~^ - , which represents the principal value of 

00 

IT TT 

the angle, has a range from — to H-^r (see Ohap. v, §5, p. 86), 
whereas 6 has a range from — tt to + w ; it follows that 
Log (a; + iy) = log Voj* + y ®+ 1 ^tan“^ ~ + 2nw^ , 
when cB.is positive or zero, and 

Log (a? + iy) = log +y* + i ^tan"^^ + 2n + lir^ , 

when X w negative. , 

It i4(ould be clear that, if Zi and z^ are any two complex numbers, 
Log = Log ail + Log 

but the following cases arise when principal values only are con* 
sidered. 
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Let Of p he the principal values of the amplitudes of Zi, Zg, so that 
efMsh lies between - w and + w, then , 

log Z 1 Z 2 = log % + log — 2iri, when a + ^ > ir, 

log ZiZ^ = log Zi + log « 2 > when a + lies between + tt, or = tt, 

log Z 1 Z 2 = log Zi + log + 2m, when a + = or <- tt. 

Similar results hold for log — . 

§11. Complex Indices. 

If a and z are complex numbers, is defined to be 
exp (z Log a). 

From the definition we see that, as Log a is many-valued, 
exp (z Log a) is many-valued, so that a* is many- valued. 

We shall use the definition in some examples, but shall not pursue 
the subject further. We must, however, point out the danger of 
treating a many-valued function as though it were a single-valued 
function. 

§ 12, Example vi. Find the values of Log (1 + i), 
l+f=^V2, 2mr+|), 

Log(l+*)=log .ya + i ^2»ir+ where n is any integer, 

s=Jlog2 + i^2»r+j^. 

Note. Hence the valaes of Log(l+0 can be represented geometrically by 
points which all lie on a straight line perpendicular to the real axis. 

Example vIL Evaluate Log ( - 1). 

2nir + ir). 

Ijog ( - 1) sslog 1 +< (2fiT+ it) where n is any integer, 

= (2w+l)iri. 

Example vlil. Besolve Logeo${x+iy) into its real and imagina^ farts, 
where x and y are real. 

Let Logoo8<e+{y)aitt+iv. 

A exp(U'f <e)ssoo8(e+ip) 

«B 00 s e cosh p - i sin « sinh p, 
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exp(u)(oosv+i8iiiv)a:r{oo8(^ + 2nT)-i8in(^+2nir)}9 say, 
where r® = cob* x cosh* y + sin* x sinh* y 

= i [(1 + ^ (1 + cosh 2y) + (1 ~ cos 2x) (cosh 2y - 1)] 

= ^ (cos 2a? + cosh 2^), 

and 0 = tan"! (tan x tanh y), if cos x is positive (cosh a? must be positive), 

or = T + tan~i (tan a? tanh y), if cos a? is negative. 

l.ogoo8(*+fy)=ilog*-£i®^^??^-i(2«T+<?). 

where $ has the value stated above. 

Example lx. Find the values of ai. 

By definition 

a^=exp {i Log a) 

= exp i (log a + 2nvi) where n is any integer, 

=exp (2nir) X exp (t log a) 

=5 exp (2nT) . {cos (log a) + i sin (log a) } . 

Example x« If is expressed in the form X + tY, show that one of 

the values is real if \plog (a?* +y*) + a ^ is a multiple of w. 

Let a; + iy = (^f 0) and suppose x is positive. 

(a? + ty)«’W^=exp{(a + fj8)log(a? + iy)} by def., 

= exp [(a + ip) { log r + i (0 + 2nw) }] 

=:exp [{a log r - jS (d + 2nir)} + 1 {/8 log r + o (^ + 2nv)}] 

= exp {alogr-/3(d + 2nv)} . [cos {j31ogr+a (d + 2nir)} 

+isin {j81ogr+tt(d+2nir)}]. 

Hence one value will be real if 

/S log r + a (d + 2nir) is a multiple of ir, 
t.e. if jS log r + a0 is a multiple of ir, 

i.tf. if log (a;* + y*) + a tan”^^ is a multiple of v. 

If a? is negative for 2nir we must take (2n+l) t and the same result is true. 

EXERGZSB XVU. o. 

[^All letters represent real rtumhers urtless othemoise sta^d."] 

X. W.dte in the form X’\‘iy\ 

(i) Logl, (ii) Log(~a), (iii) Log*. 

a. Prove that, if 0 lies between , 

log (l4*i tan ^)3slog seo d+td. 
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8. Prove that log is a value of 2i Tan“i ^ . 

^x-iy ^ X 

4k, Prove that log tan ^ j + ^ |^ = » tan“i (sinh 6), 

d. Prove that log = 2i tau-^ (tan x tanh y). 

0. Prove that 

log (1 + cos 2$ + i sin 2$) =:log (2 cos B) + 
provided 0 lies between ± ^ . 

2t 

r 

7. If log 008 (d - ^i) = A 4- Bt, prove that 

A = J log J (cos 2d + cosh 20), 

and also that 0 = (log sin (d + B) - log sin (d - B)} . 

8 . Resolve Log sin (x + iy) into real and imaginary parts. 


8 , Prove that 

t*=coa |(4n+l)^a;|- +tsin |(4n4-l) ^a;|- , where n is an integer. 

10. Express (x + iyY in the form A+iB. 

11. Reduce to the form (r, d), and Vl + ^/f. 

19. If + ty» prove that a;3+y*=exp { - (4n + 1) try), 

18. If (a+t6)«+^ is wholly real and principal values only are considered, 
prove 

(a + ?^(a8+63)(«*+d»), 

14, Prove that, if principal values only are considered, the real part of 
itof (i-H) is « 8 eos f j log 2 j . 

18* If = d), then one value of d is ^ arw+y log,2. 

18. Prove that, if log (log (a? + iy)} =jp + ig, then 

y =a? tan (tan q log Jx^+y^], 

17, If principal values only are considered, prove that, if 
[cos (a - i/8)]P+^= A + fB, 

B a 

tan“i^ *= I log (oosh*^ - sin* a) +p tan-» (tan a tanh fi). 

For further eocampUB see Misoelki^ieous Bocereieea IVy p, 391 . 



CHAPTER XVIII 

INFINITE SERIES 

“ The theory of series is both difficult and incomplete; but the dijficulty is not 
of the kind which the student perceives^ and the deficiency is also unseen, because, 
in fact, the imperfect theory which is first presented to him is more than sufiicient 
for all the series of which he has any experience* He grows, therefore, in the 
conviction, that whatever series may be proposed, or may occur, the theory may 
always he made satisfactory db Moboan’s Calculus, 

§ I. In this book we do not propose to attempt to deal thoroughly 
with the question of convergence of series, partly because a satisfactory 
treatment would take up too much space and partly because it seems 
best for a student to study the subject after he has had some 
acquaintance with infinite series ; on the other hand we shall try to 
point out places at which we make assumptions about convergence 
and at which difiS.culties arise. 

We shall assume that the reader has studied the introduction to 
the subject of convergence of series in algebra and that, after reading 
this book, he will study it further in such books as ChrystaFs Algebra, 
Hobson^s Trigonometry and Hardy’s Pure Mathematics, 

Below we give some definitions and state some properties about 
convergence which we shall assume. 

Bor the proofs of these properties the student should consult the 
books referred to above. 

§2. Series of Real Terms. 

Def, Consider the infinite series + ia, + . . . + + . . . . 

rssn 

If etc. are real, and if 2 Ur tends to a definite limit as n tends 

r=l 

to 00 , the series is said to be convergent and that limit is called 

the sum of the series. 

It shoald be noted that the word ** sum” as applied to an infinite series has an 
artificial meaning and we must not assume that properties of the sum of a finite 
series are necessarily true of the sum of an infinite series. All such properties 
need investigation for the sum of an infinite series ; some will be found to be true 
and some untrue or true only over a limited «ange. 
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Let |t(r| denote the positive value of the term u, (irrespective 
of the + or — before it); then, if S|uJ is convergent the series 
is said to be absolutely convergent. 

r=»» 

Def. If S Ur tends to + 00 as n tends to oo , the series is said to be 

r«l 

divergent. 

§ 3 . Series of Complex Terms. 

Dtf^ If Wj , . are complex and if where and 

are real, then + . . . is said to be oonvergent if the two series 

+ t?a + . . . and u?i + + ... are both convergent. 

Def^ The definition of an absolutely convergent series is the 
same as the above definition if for ‘‘convergent” in each case we read 
“absolutely convergent.” 

If S mod (wn) is convergent, then is convergent. For a geo- 
metrical illustration see § 11. 

§4* The Power Series 2 («»«**) where a is real. 

If the power series is absolutely convergent for any particular 
value of mod («), say r, then it is absolutely convergent for all 
values of mod («) such that mod («) < r. 

Def, If a series is convergent for all values of z such that mod («) <r 
and is not convergent for any value of z such that mod ( 2 ;) > r, the 
circle with centre at the origin of radius r is called the circle of 
oonvergence. 

We may then say that the series is convergent for all points inside 
the circle of convergenoei and is divergent for all points outside it; 
but the cases of points on the circle of convergence will need separate 
investigation. 

§5* Differentiation and Integratioii. 

If 8 the sum of a series involving s, is absolutely convergent 
over any range of values, we shall make the following assumptions. 

(i) The result of differentiating the series term by term gives a 
series whose sum is equal to the result of differentiating Q jpnmtM 
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that the derived series is absolutely eonvergent^^ and provided z is 
limited to the range of values mentioned above. 

Or, in symbols, if 

8(») = t6i + ^3 + %+ ... ad infin. 


then 


d S(z) ^ dui du2 du^ 

dz ~ dz dz dz 


ad infin. 


(ii) The result of integrating the series term by term gives a 
series whose sum is equal to the result of integrating S(z)^ provided 
the range of the integration in each case is within the Hmits 
mentioned above. 


Note that in the prooess of differentiating a single term we have a quantity 
which as we approach the limit. Now in differentiating the separate terms 
of an infinite series, we have an infinite number of small quantities and, though 
each-^0, it is by no means certain that their sum will necessarily approach 0. 


§6. The Geometrical Series. 

The sum of the finite series 1 + « + + . . . + is 

1 

1 — « 1 — « 1 — 

whether z be real or complex. 

Now suppose z = x-hiy = r (cos $ -hi sin 0) or (r, $), 

Then by Demoivre’s Theorem, Case 1, since n is a positive integer, 

n6 + i sin n$), 

^ »*• T 4 . + i sin nO) 

Xit = — J-<u r 2 • • 77 

n->oo l — z I —r cos — ^r sm 0 

= 0, when r < 1. 

.*. Provided r = mod (z) < 1, 

. . 1 

1 + . ad injin, converges and its sum is y —— 


f The following example illustrates that the theorem is not true unless the 
derived series is convergent. 

-J-oJ = sin a: - — - ... od infin, (See Note, Example iv, p. 387.) 

If we differentiate the series, we get 

cos a; - cos 2a; + cos 3:c - ...ad iq/in., 
which does not converge and is completely indeterminate. 


SHT 
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The Binomial Series. 


1 ^ 

1 + + 


1.2 1.2.3 




+ ... . 


When this series converges, its sum is one of the values of (1 
and it is take^to be the principal value of (1 + z)^. 

The reader is already aware that if n is fractional is a many-valued ex- 
pression. 

Case 1. If n is a positive integer y we have seen in Chap, xv, § 1, 
p. 25Q^ that the series is finite for all values of and its sum is (1 + «)** 
which is single- valued in this case. 

Case 2, If n is negative or fractional and mod {z) is numerically < 1, 
the series is convergent. 

Case 3. If n is negative or fractional and mod (a) = 1, 

(i) if n is a positive fraction, the series is convergent ; 

(ii) if n is between 0 and - 1, the series is convergent, i9xcept 
in the case of » = — 1 when it is divergent; 

(iii) if n = - 1 or < - 1, the series is divergent. 

Case i. If n is negative or fractional and mod{z)> 1, 
the series is divergent. 


§ 8. The Exponential Series. 


exp (»)= 1 + 2 + g + + ... ad injm. 


Thk series is absolutely convergent for all values of z real or 
complex. 

In algebra books it is shown that, when z is real, exp {z) is at any 
rate one of the values of c*. 


We take exp {z) as the principal value of e*. 

The series for sin », cos «, sinh », cosh z are absolutely convergent 
for all values of », real or complex. 


§9* The Logarithmic Series. 

I ^ + — 

In algebra books it is shown that this series is convergent and its 
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sum is log (1 + z) provided z is real and lies between ± 1. This is also 
true when « = + 1, but not when « = — 1. 

When z is complex, the series is convergent and its sum is log (1 f z) 
the principal value of Log (1 +«), provided mod («) < 1, and also in 
the case of mod («) = 1 except when amp («) = (2w + 1) ir. 


§ 10. Multiplication of Series. 

Multiply + ^8 + ••• by t?o + + Vs + . .. 

and arrange the work as follows : 

Uq - 4-^1 + 4*^8 + ••• 

% + ^8 + • • • 


UQVQ-^U^Vfi + U^VQ-\-U^Vf^-\r ... 

+ +UaWi4- ... 

UqV2 + + . . . 

••• 


Wq + + Wa + + . . . 

If and Svn are two series of numbers, real or complex, which 
are absolutely convergent over a stated range, and if 
«^» = WoV«+WiVn-i + «^aV«-a+ ••• +w„Vo, 
we shall assume (i) that the series which we shall call the 
product series, is absolutely convergent over the same range and 
(ii) that the sum of the product series is equal to the products of 
the sums of the original series over the same range. 

§ II. Oeometrioal Illustration of Convergence. 

The sum of a series of real positive numbers, Wj + may 

be represented by measuring off along a straight line OX successive 
lengths OAx, AiA„ A, As, ... equal to 

The sum of n terms is then represented by OA„. 



If there is a point. A towards which A„ continually approaches but 
which it never reaches such that Lt A^AsO, OA represents the 
sum to infinity of the series. 


ao-a 
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Suppose the figure above represents a series of rods hinged at 
O, Ai, Aj, ; if we turn the rods so that they make angles 2ff, 30, ... 
respectively with OX, in their new positions OAj, AjAg, AjAj, ... 
represent the successive terms in the following series of complex 
numbers (u^, 0) + (wg, 26) + 36) + ... and OA,^ represents the sum 

of the series to n terms. 

The figure shows that, in the case taken, the rods form a sort of 
spiral which coils i*ound and round a point; it suggests that, if we 


As As 



added on more and more terms, we should get closer and closer to a 
fixed point. This suggests that A,> approaches a fixed point so that, 
as n approaches infinity, the sum of the series approaches a fixed 
value. 

The reader is advised to draw out in this way the successive 
terms of several convergent series of complex numbers. 



CHAPTER XIX 

SUMMATION OF INFINITE SERIES 


§ 1. The most common method of summing an infinite series is to 
throw the series into the form of some standard series whose sum is 
known; in summing trigonometrical series this is frequently done by 
using complex numbers (see Ohap. xvi, §5, p. 271). 

In some cases we can sum a series to n terms, and then fiiid the 
limit of that sum as n ‘‘tends to infinity.” 

Tn this chapter the convergence of the series is generally assumed, 
or the limitations under which they are convergent are stated. At a 
later stage the pupil may investigate the convergence for himself. 


§ 2. Series whose summation depends on known series. 
Oeometrical Series. 

For the convergence of these series see Chap, xviii, § 6, p. 305. 

Example 1. Find the sum to infinity of the series (x real and < 1) 

1 + 2x cos $ + cos2$ + 20 ^ cos 3 ^ + ..,. 

Let 0 = 1 + 2 x 008 ^-h2a;* cos 2^+ ... 

aod S = 2x sind+2x*sin 2^ + .... 


C + iS = l + 2(x,0) + 2(x*,2^) + ... 

= l + 2(x, ^) + 2(x, ^)*+... 

= 1 + - - ^ j since mod (x,^)=x<l 

1 — (X, 9 ) 

2(g.tf){i-(x. -on 
-«)} 

. a(g.g)-a(4^,0) 

l--2x 008 a + x* 

” i-2x p08 ^ + 05^ * 

Hence, equating real parts on each side of the equation, we get 

1-2x008 a+x* 

By equating the imaginary parts and dividing by 2, we get 

xsin^ + x^sin 2^+x*Bin8^+ ...ad infin.^z — — a. 

^ 1-2X 008 9 + x* 
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Binomial Soriei. 

For the convergence of these series see Ohap. xviii, § 7, p. 306. 
Bxample IL Find the eum to infinity of the series 
13 13 6 

xsinr^+ \a^sinB0 + -^^x^sin5$ sin 7$+ ... 

for certain real values of x. What are these values f 

I 3 

Ii6t 8=a5 8in^ + Jic®8in3d + j^ic®8in6^+ ... 

1 3 

and C as® 008 ^ cos BS + cos 6 ^ + .. .. 


/. C + iS = (a?, d) + J 3^) + (aH*, 6^) + . . . 

= (X, fl) [l + i (**, 20) + y (X*, 40) + . . .] 

= (*. 0) [l + i (? . 20) +i^ (^ , 2o)V ...] 
= (*,0)[l-(|*,20)J^ 

provided mod ^ , 2^^ i8 < 1, that ia ~< 1, or \/2>a5> - ^^2. 


C + i8 = - 


cos 2 ^ - 1 ~ sin 1 


Let r»=l- **00820+^ and tane=^0^. 

... C + i 6^-^^^= =(-^,0 + 1 ). 

Equating the imaginary parts on each side of the equations, 
8=^8in(o+|). 

8«= 7 ' :::..',. ...f 8in + , whcro tantt=5-^ 

A \ V 2-i 


l-af*oo8 2^ + 


ae^BinSg 

2-07^00823 


provided >/2>«> - n/I. 
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Exponential Seiiei. 

For the convergence of these series see Chap, xviii, §8, p. 306. 
Example ill* Find the 8um to infinity of the series 
€? sin 20 oS sin 4$ 

|2 (4 

For what real values of a is the summation justifiable f 


^ sin 26 sin 40 
o = + Ti + . 


1? 

and 0=1+?^^“-^+.... 

C+iS = l jj — -f ... (see footnote t) 

-f L +~ir" ni~ IT* 


(a, <>).(«.«)’ (a. «)» . (a, 9)V 

11 12 12 


= i [oxp (^> ~ ^)] ^ values of a 


...] 


= i [exp (a oos 0) exp {ia sin 0) + exp ( ~ a oos 0) exp ( ~ ai sin ^)] 

=i exp (a oos 0) {oos (a sin ^) + i sin (a sin 0)} 

exp ( - a oos 0) {oos (a sin 9) • i sin (a sin ^)} 

Equating the imaginary parts on eaoh side, 

« • / . exp(aoosd)-exp (-acosd) 

S = Bin (a sm 0) — — ' ^ 

= sin (a sin 0) sinh (a oos 0), 
and the summation is true for all real values of a. 


Logarithmic Series, 

For the convergence of these series see Chap, xviii, § 9, p. 306. 
Example iv# Sum to infinity the series 

sin d - -J sin 80 +-J sin 6^ - , 

where 0 lies between ^ 

t Or alternatively &om this point 

C + iS s oosh (a, 0) = oosh (a oos 0 + ia sin 0) 

= oosh (a 008 0) 008 (a sin 0) + i sinh (a oos 0) sin (a sin 0). 

.% S =s sinh (aoos 0) sin (a sin 0). 
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This series is most easily summed by aid of Gregory’s Series, see Chap, xxi, 
§ 6, p. 834 ; but the following method of summation is instruotive. 


Let 
and 

Let 6), Then 


Sasm d-^sin 3^+^ sin 5^- ...» 
C=cos^-^co83^ + ^oos6^“ ... . 


-^L 


. (iz)^ {iz)^ 

+“-V-+T- 


... ] 


[log (1 + iz) - log (1 - iz)], as (2n + 1) w 

= _<[log|i + (i. !+<,)! -log |l + (l. ._!)}] 

= - i [log ( 2 008 1 + ? . r + I) - log (2 008 1 - I . ^ - I)] 

= - 1 [log (3 008 ^ + + log (2 cos ^ - I) - f (? - lyj . 

Now, as e lies between “* positive. 

. . Equating imaginary parts on each side, 


S = - J [log ^2 cos J + 0 - log ^2 cos I - 1 )] 

■«-n 


COS 


=Jlog 


00 s 


(4+I) 


=Jlog 


008 g + 81112 

9 7~e 

oosg-smj 


•i log ton (^ + 1)- 
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EXERCISE XIX. a. 

Find the sum to infinity of the fQllowing series : 

1 . (i) sin ^ + sin®^+sin®^+ 

(ii) oo3^ + ~ oo8 2^ + ^oos 3^ + ... , 

(iii) sin^+l sin3^ + psin6d+ ...» 

(iv) a:sin^ + «®sin2^ + ;c®sin3^+... (a? cl), 

(v) oosa + ajcos (a+/3) +a?® cos (a + 2/3) + ... (afd), 

(vi) 1 + a? cosh a+a?® cosh 2a + aj* cosh 3a+ State the neoessar;^ con- 
ditions. 


a. (i) l + na;oo8^+ ~^ a:® cos 2g-f a:® oos3d+ ... (a?<l), 

If. l£ 

1 13 13 3 

(ii) ^sin0 + ^-~sin2^ + i-^-j^sin3^+... (2ir>^>0), 


(iii) n cos ^ ^ 2^ + ^ cos 3g + .. . 

* I. A 1.2. «> 


(ncl and 2ir>^>0), 


1 1 13 

(iv) g sin ^ sin 2^+ ^— ^ sin 3^ - ... (d between ± ir), 

(v) 1+^ a;oos ^ +^-^a;2cos2^ + ^^-^-^a?®cos3^+ ... (a?<l). 


3.6.9 


_ sin a; sin 2a; sin 3a; 

*■" TT-TT'^TT" • 

a;® 

(ii) a? sina + yxsin 2a + T;r sin3a+ ..., 

If If 

a;® 

(iii) 1 ~a;oos^ + ^ cos 2^ - ...» 

If 

(iv) oos^ + oos(^ + a) + Ticos(^ + 2a) + ... , 

If 

(v) *oosa-i--i oos(a+/3)+-i oos(a+2/3) + .... 

If If 


*. (i) {* between ±,). 

(ii) oeo8 ^ + Joos 2^-H Joos3d + ... (2ir>^>0), 

i a® n® 

(iii) asina;~-^sin2« + -g sinSa;-... (acl), 

(iv) oosa;+^cos8a! + ^oos6:|p-|-... 

(a) when w>a;>0, (b) .when 2sr>a;>ir. 
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a. X sinh a sinh 2a +4^ sinh 8a + . .. • State the necessary conditions, 
cos d cos d + oos^ $ cos 2B + cos* 6 cos 8^ + .« . 4«nir). 

7. < cos d sin 2^ + cos* $ sin 8d + cos* ^ sin 4d + . . . (^4= wir). 

8. sindsin 8 + 8in*8sin2d+Bm*8sin3^+... , 

_ cob8 , cos*d . 

8. cos a i cos (a + /S) + — — cos (a + 2/3) + , . , , 

10» sin 8 + no? sin 38 + sin 5d+... («<!). 

t 

sin a? sin 2a; , sin So; 

H* ““ S T* T 

r »• 


18 


a;® . 


. asina-*^ 8in(a + /3) + 'g-sin(a + 2^)~... (a;<l), 


a;* 

18. 1 + a; sinaoosa + jn sia^a 
If 


cos 2a + To sin* a cos 3a + . 

o 


14. 1 + OOS 8 tan 8 + i cos 28 tan* 8 + -4 cos 38 tan* 8 + ... . 

If .If 

Id. oosa + 4oo8(a + 2/9) +~oos(a + 4/5) + .... 

18. cos 8 sin 8 + J cos* 8 sin 28 + cos* 8 sin 38 + . . , (8 acute). 

17. oos8 8eo8+|oos28seo*8 + 4 ooB38seo*8+... (seo8<2). 


18. 


1. COS a + no; cos (a + 8) + ” (a + 28) + . . . (x < 1) . 


18. cos a cos cos 2a cos 2/3 + ^ Cos 3a cos 3/3 + . . . (a ± /?#= 2nT) . 


80. cos*8-g00s*28+^cos*38-.. 


81. Prove that the value of the series 

1 18 18 5 

COB 8 + g COB 28 + cos 88 4* ^ 4 ' 0 4’ • • « » 

is one of the values of cos ^ j 4* ^2 sin 0 ^ if 8 lies between certain limits ; 

and find tliose Umits. 

For further exainpUs^ the etudent mwy eum to infinity the series 
given in Exercise xvi d, p. 272, Nos. 18 (a?<l), 19 (a?<l), 20, 29 
and Miscellaneous Exercises iii, pp. 286-287, Noa 106 (a?<l), 
113(a;<l). 
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§ 3 . Many infinite series may be summed by the method of dif- 
ferences. The sum to n terms is first found and the limit of the sum 
as n tends to infinity. See Chap, xti, § 3, p. 267. 

§ 4 - The sum of a series can sometimes be found by differentiating 
or integrating a known series and its sum. For the conditions under 
which this is justifiable see Chap, xviii, § 5, p. 304. Also see Chap. 
XXI, § 5, Example ii, p. 332. 


EXERCISE XIX. b. 

Find the sum to infinity of the following series : 

Noi, 1-6. Use the method of differences. 

1 . sin a sin 3a + sin ? sin sin ^ sin 

2 2 2 “' 2 * 

a . sin* ^ ooseo 2 a + 1 sin* ^ oosec a + ^3 sin» p ooseo g + . . . . 


8. sin^g+3 8in8p+3*sin3p + .... 

4. sin 2d oos* d - ^ sin 4d cos* 2d + ^ sin 8 d cos* 4d - . . . . 

6. tan~i| + tan-^^+tan“i-^+.... 


Nos* 6-8. See Chap. XVI, Example iv, p, 265. 

6. cos d + xoo8 2d + a:*oos3d+... (a7*<l). 

7. cosa+a?oos (a+/3) + 4;*oos(a+2/3) + ... {x<l). 

8 . sina + a?8in(a+/3)+ir*sin (a+2/9) + ... (a?<l). 

Nos. 9-13. Use differentiation or integration. 

8 . Sum 008 d + 2 00 s 2d+ 3 008 8d + ... to n tenns. 

10 . Sum sec* a? + ^ sec* g + ^ boo* ^ . nd infin. 

11. Show that sind-f-| -°^^ ~^’^*** injin.=0, prorided d lies 


between a-. 

12 . Show that, provided 2ir>x>0, 
coax C 0 B 2 ;r , oos3a; 
"1T”+ 2 * 3^ 




+ ... adinfin.=j - y + 8 , 
ad infin. 


where 
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18 . Show that, provided x lies between 


ooso; 

1 “ 




22 


32 


4 » 


where 


.111 ^ ^ 
=1 - p + p - p+ 


^EXERCISE XIX. o. 


MISCELLANEOUS SERIES. 

1 . Prove that, if ^ 4= 2nir, log cot d = cos 2d + ^ cos^ 2d + ^ cos® 2d + . . . ad infin, 

1 d 1 d 1 

a. Prove that tand + 2 t^^*^ 2 ‘^ 4 *®“^i’^*“ =^-2 cot 2d. 


8 . Prove that tan ^ sec a; + tan ^ sec - + tan ^ sec ^ + . . . ad injin, = tan x. 


4. Prove that, if cos a < cos (a - ^), 


coa^ cosa^8 (a + 2 g ) ^ (a + 3;3) = 

008 (a -/ 3 ) oos 2 (a-jS) cos®(a-j{^) 


5* Sum to infinity asin d + ^a^sinSd+^a® sin5d + ..., whore 0<a<l. 
Deduce the sum of the series sin d + ^ sin 8d + ^ sin 5d + . . . 

(i) when 0<d<T, (ii) when T<d<27r. 


6. Prove that t the sum of the infinite series 

4 

tan-4+tan-4+ ...+tan-i ... . 

7 . Prove that oot-i(2.12)+oot'i(2.22) + oot-i(2.32) + ... adin^n.=r~. 


8 . If d lies between ^ and t, prove that 
0 9 b 

=^[sind+^Bin®d+^sin®d + ... adinjin.'], 

and, if d lies between 0 and ^ , 

tan*| + |-tan®“ + ^tanW? + ,,. adinjin, 

sin® d+ 1 sin® d+l sin® d + ... ad infin*’]. 
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9 . Prove that the sum of the infinite series 

13 13 3 

1 + A cos* e + 75 -^- co»i2 Q COS 2^ + X * r -’ a oos^ B cos , 

£ 9 • O 


os when 0<B<ir, 

1 j - sin ^ when ir <^ < 2ir. 


lO. Find the sum to infinity of 

sin a? + cos y sin (aj + y) + sin (a? + 2y) + . . . . 

XI. Prove that, if x lies between 0 and 2 t» 


sin 2a; , sinSa; , sin 4a; 

TTW “27T TTF “*■ 


.. . ad inJin. = J sin a; j^l - 4 log ^2 8in|^^ , 


19 . Find the sum to infinity of 

cos* a - -J sin* 2a + J cos* 3a - J sin* 4a + ... . 

18 . Find the sum to infinity of 

sin a; -n 008 ^ sin (a;+y)+^^-~^^C 08 *i/sin(a;+ 2 y)- ...• 

li 

... d ‘A .^BinnS 1 . . . /sinn^V 

14 . Sum smin+r)0-^-^Bm(n+r)iie[^'j 

+ J sin (n +r)Se - - ««* 

. _ „ ^ ^ 008 * 0 sin 30 cos* ^ sin 5e , . ^ 

16. Sum co8 0sm^+ + r= |-...adin/n. 

11 11 

16. Prove that 

.OOSd . ^-OOS*^ „.C08*^ . ..COS*^ __C08®^ . 

cos 0 -j sin 20 — COS 3d— g — + sm 4d — j — + cos 50 — g ... od tn/in* 

= oot”^ (1 + tan 0 + tan* 0), 

17. Find the sums to infinity of the following series {0 between 0 and 2t) : 

oosd , cos 2d , cosSd , 

inT’^'TTs"*^ “8T4"^**’* 


.... Bind sin 2d sinSd 

<“) t:2+tt-+xt+- 


la. Prove that 


7 9 

^ 6 008 d+ ^ cos 8d+ cos 6d + ... ad infin, 

=-Jr e®®*® cos (d + sin d) e cos (d - sin d) + 4 cos (sin d) sinh (cos d). 
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10 . Proye that 


*+ p + ^+...a(it»yIn.=ie*+^e « ^^sin 


SO. Prove that, when m is a positive integer, 

. m (j» - 

+ / ooseo® 0 cos 3^ , 


cos m$ cosec*" ^ = 1 f m coseo 0 cos 0 + coseo^ 0 cos 5 

1 • A 


where oot ^ = 1 + cot 0. 
ax. Show that 

- . cos 4^ 008 8^ cos 120 , . ^ 

1 + -^ + -j|- + 

[cos (cos 0) cosh (sin 0) + cosh (cos 0) cos (sin 0)]. 

a . cos 20 cos 60 cos 100 3 . ^ 

aa. Sum the senes ^ ^ + ... ad infin. 

as. Prove that, if p < 1, the infinite series 
1+np 008 0 cog 20 + jp3 COS30 + ...=g»»co8n0, 

li li 


where 


§ s= 1 - 2p cos 0 +p2 and sin 0 =apg sin 0. 


as. Sum the ^ries 

cos^ a cos 3a cos^ a cos 7a cos^^ a cos 11a 

li 11 E 


+ ad infin. 



CHAPTER XX 

EXPANSIONS IN FINITE SERIES 


sin 6 


in series of 


§ I« In this chapter we expand cos and 

powers of cos 6 or sin $ and cos"d and sin**tf in series of cosines and 
sines of multiples of $. 


§ 2. To express cos n0, where n is a positive integer^ in 
a series of descending powers of cos 

In Chap. XIV, § 16, p. 244, it was shown that it is possible to express oos n0 
in a series of powers of oos 0 and that the highest term is 2*-^ oos*^ 0, The whole 
series is best obtained as follows. 

The following expansion was obtained in Chap, xix, § 2, p. 309, or 
it can be verified by actual multiplication. 

When x<l, 

1 ^ 

— 21 5 = 1 + 2ajcos d + 2iB*cos20+ 205® cos 3d + .... (i) 

1 - 2aj cos d + ar 

Now = — — 5 = (l-a!*) {1 -a; (2 cos d -05)}'^ 

1 - 2o 5 cos d + 03® ' ' ' ' '' 

= (1 — (B®) {1 +05 (2 cos d — a5) + a?*(2 cos d — 05 )® + ... 

+ a3^‘"^(2cosd-a;)’*“^ + 0:^(2 cosd--aj)*+ ...}, (ii) 
since x can be chosen so that x (2 cos d — a:) < 1. 

Equating coefficients of a;*' in (i) and (ii), 

2 cos nd - (2 cos d)" - n-iCj (2 cos d)**~® + (2 cos d)"-**- . . . 

+ (-l)V,C,(2co8d)-®"+... 

- {(2 cos d)’^“®-«- 3 Ci (2 cos d)**“'^ + ... 

+ (- lY^.r-lCr-i (2 008.&)*‘*'+ ...}. (iii) 



320 


TRIGONOMETRY 


[CH. XX 


tThe coefficient of (2 cos 0)^“^ in (iii) (when r>l) 

» (— I / {n-r^r + n-r-i^r-i} 

, \!LzIzl I 

' ^ v|!! |^~2r |r — 1 | n — 2r J 

|w — r — 1 


= (-!)- 


n [n — r - 1 
|r |n — 2r 


-(-1) , 

/. 2 cos ntf = (2 cos 6)^ - n (2 cos 6)'^'’^ + - ^ (2 cos 

c 

_”.(»-|)(^--_5.)(2coag)"-« + ... 
^■(_l)r»>-»--l)(>^-^-2)-(>*-2r-^l)(2cosgr-"+.... (1) 

n-l 

When 71 is odd, the last term is (- 1) 2 71 (2 cos ; when n is even, 
n 

it is (— 1)2 2. 


§3. ToezpreM^^, 


where n is a positive integer, in 


a series of descending powers of cos 0 . 


In Chap. XIV, § 16, p. 246, it was shown that it is possible to express 

in a sezi^s of powers of cos 0 and that the highest term is eos*^^ $, The 
whole series is best obtained as follows. 


t Before dealing with the general term, the reader should pick out the first 
few terms of the series for himself. 
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The following expansion was obtained in Ohap. xix, § 2, p. d09» or 
it can be verified by actual multiplication* 

When a;<l, 

z — J” 5 = ctj sin ^ + 05® sin 2^ + 05* sin 3^ -f ... • (i) 

1 — 205 cos 6 •¥ or ' ' 

Now ^ = 05 sin ^ {1 —05(2 cos ^ -05)}"^ 

1-205 008 0 + 05® ‘ ^ 

= 05 sin 0 {1 + 05 (2 cos 0 — 05) + 05^ (2 cos 0 — a:)® + ... 

+ 05’^“-^ (2 cos 0 — 05)*“^ +...}. (ii) 

Equating coefficients of 05" in (i) and (ii), 

sin nO = sin 0 {(2 cos 0)*^“^ - »-a^i (2 cos 0)"”* + n-sCj (2 cos 0)**“® — . . . 

+ (- 1)** (2 cos 0)*“®>^-^ + ...}, 

= (2 cos 0)»-» - „_,Ci (2 cos e)»-» + ._,Cj (2 008 e)**-' - . . . 

+ (-l)-n_r-iC,(2cos0)-*-->+.... (2) 

n-1 

When n is odd, the last term is (— 1) 2 ; when n is even, it is 
(— 1)2 n cos 0. 

§ 4 . To express cos nO, where n is a positive integer, in 
a series of ascending powers of cos 0. f 

Case 1. When n is even. 

In § 2, it was seen that the general term^ in the expansion of 
2 cos nO is 

(- ly »(^-r-l)(«-r-2)...(>.-2r4 . 1 ) ^ 

n 

where r ranges from 0 to = • 

Ijet r = ^ — ja, where p ranges from ^ to 0. 

ia J 


f For an alternative method, see Ex. xx. a, No. 5, p. 326. 

X Before dealing with the general term, the reader should pick out the first 
few terms for himself. 


SHT 
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The general term 

nlti — r — 1 

= ^^(2cos^)- 


= (_l)2"^n 




12p 


(2co8 0)«’ 


n J(n + 2i» - 2) (« + %>-4 ) ... (n+2) nl 

= (_ 1)2 I («-2)-. (n-2y-4)(w-2p-2) f 




cos’Vd 


^f-i>2~^o. ”’'(”’‘-2’')(w^-4»)...(w’‘-2jp-2 ) 
therefore, when w is even, 


cos’^^; 


cos 


+ (-1)^— ^CO8«’0+... 

+ (_ l)2 2"-‘co8»tf|. (3) 

(7<m8 2. When n is oddU 

The general term in the expansion of 2 cos n6 is 

(-ir;!2^(2 

\r \n’-2r 


where r ranges fronk 0 to 


w~l 


fs as !L^-. where p ranges from 2-^ to 0. 
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n- 1 

= (-l)“2"+^„ 


\2p + l 


-(2cos0)’«’+> 


n- 1 


|(n + 2p-l) (»+2p-3) ... (n+l)l 


1 } 


(n~2;>-3)(n~2j?-l)f q 

|2jp-f 1 

.2 




therefore, when n is odd, 

fi- 1 

cosn^ 


li 




n- 1 N 

+(-i) 2 2»->co8"e|- 


( 4 ) 


§ 5- express , where n is a positive integer, 

in a series of ascending powers of cos 

Case 1. When n is even. 

In § 3, it was seen that the general term in the expansion of 


sm^ 


sind 


IS 


(- l)*- n-r-xCr (2 COS = (_ I)*- 1 

where r ranges from 0 to ^ - 1. 
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^ ” jp _ 1, where p ranges from ^ - 1 to 0. 


- D -1 »/2 + 


The general term = (-1)2 |w/2-p-l l ^iTTl 


(2008^)**’+ 


(2co8fi)«’-» 


= (- 1)2 


« A^' 

s-P-lJn 


|2p+l 

(n+2p) (n+2ff -2) .■ ■(n+2) 1 

B(n-2)... (n-2i)-2)(M-2i))f ^^gjip+i ^ 

|2p4- 1 


^-p-l n(n»- 2»)(n»-4») - (n» - 2p ) 

= 1"^^ | 2p+l 

therefore, when n is even, 

^-l)^ 

sintf '' ' I If l£ 

+ (_ ly %~fi ^ - 

~ + l ^ 

+ (-1)2^^ (5) 

Case 2. When n is odd. 

, . -if • 

The general term in the expansion of is 

tl 1 

where r ranges from 0 to • — g— « 

Let r - Pf where p ranges from ^ 
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The general term = (-!)' 2 


■-P 

Kr.-l)/2-p|^ 


{i COB oyp 


' ft 

n-l f(n + 2p-l)(n + ay - 3)... (n + l )l 
-( -F 1(w-l)-(n-2i>-8)(n-2j)-l)f 

I2p 

(- 1) eos- 


(2 009$)^ 


•cos^e 


therefore, when n is odd, 


sin n$ 
sintf 


n-l . 

(-1) 2 |l_^ 


-1’ (n“-l>)(«»-3») 

7^ COS*fl + i i 008^(9- ... 

|4 




n-l ^ 

(- 1) 2»-» co8»-‘ (6) 


§6 If ^ is substituted for 0 in formulae (3), (4), (5), (6) of 
§§ 4, 6, we obtain ; 

From (3), when n is even, 

coswd = 1 - sin*fl + — ^ sin^tf- 1)2 2**^ sin** ft (T) 

[2 [4 

Fronij (4), when n is odd, 

. /» 3 n . ^ n(w*-P) . , n(n*-P)(n*~ 3 ®) . 

sm n0 = iT Sind — ^-75 — - sin»d + — ^ ^ — ' sin^d-... 


+ (~1) 2 2*‘-*8in**ft (8) 
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From (5), when n is even, 

sinn^ . — 2^) . — 4*) . ^ 

— — ^ = n8in^ ^^-rs ^sin^^-f ^sm®6>-... 

cos 0 1^ 1^ 

n - 

+ (-1)2“^^ 2«-^ sia«~i (9) 

From (6), when n is odd, 

z =1 TH— sin2^+ i 9 - ... 

cos ^ |£ (4 

n- 1 

+ (-l)~^ 2*^-1 sin"“^^. (10) 


§ 7- Series of cosh nu and • 

Corresponding to the first equations of ^ 2, 3, we have (see 
Ex. XIX. a, No. 6), provided a? is small enough, 

■= — = 1 + 2a; cosh 6 + 2cc^ cosh 2^ + . . . 

1 - 2a; cosh 6 + 

and -= — ^ = a? sinh ^ + fio® sinh 2^ + . . . , 

1 -2ajcoshp + ar 

therefore formulae (1) to (6) are equally true if cosh and sinh are 
substituted throughout for cos and sin respectively. 

Note. The above results are readily obtained if we assume that formulae (1) 
to (6) are true for imaginary angles — a big assumption — and if we substitute i$ 
for ff and use the facts that cos td=cosh 0 and sin i0ssi sinh 0, 

If we make the same substitution in formulae (7) to (10), we find that the 
‘ signs before the terms are now all positive. 


EXERCISE XX. a. 


TAe follow\m,g examples should he worked out by the methods used 
in §§ 2-6; not by substituting in the results there obtained. 

Easier examples will be found in Ex, XIV, p, 245. 

1 . s. 128 00.^9 - 192 008 >» + 80 ooa>0 - 8 oos 8. 

smd 

S. oos 8^=1 - 32 sin*^ + 160 sin^^ - 266 sin®^ + 128 sin® 

8. s256 008 ®^ -? 448 oos®^ + 240 oos* ^ - 40 eo^0 -f 1. 

sm^ 


4 . oos 90SS 266 cos® 0 ^ 676 oos ^ 0 + 482 cos® 9 - 120 cos® ^ + 9 cos 
8 . Obtain the series for oos n$ in ascending powers of oos $ directly from the 
equation 

1 — A.X 

8l + 2d; cos ^ + 2:6® oos 20 +,,, , 


l-a;» 


1- 2d; 008^+ a;® 
(Expand (1 - a?*) {1 + «(« - 2 oos 
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O. Obtain the series lor ^ in ascending powers of oos 9 direetly front the 
BUI # 

equation 

X pin ^ « 

= — s 5 = 8ind + a:8m 2^ + a;^Bm3^ + ... . 

1- 2ajcos^+a;“ 

7 . Use the method of the note of § 7 to find the expansions for oosh nu and 
corresponding to formulae (1) to (10), 

8s Obtain the expansion for oos nO in descending powers of cos d from the 
equation 

^ ~ - = 1 + a; cos d + COB 2d+... . 
l~2a; cosd + a;2 

For eosamplea on the applications of these expansions to roots of 
equations see Chapter XXIV ^ § 6. 


§ 8. To express cos’* 0 , sin** 6^ in a finite series of cosines 
or sines of mulUples of S (n being a positiTe integer). 

Let z = cos B -^i sin By 

i = cos B — i sin By 
z 

then ^ = 2 cos rBy ^ = 2i sin rBy for all positive integral values 


of n 

(2cos«)» = ^» + i) 

= « (*"-* + ^) + (*»“+ + ... 

= 2coswfl + 7 i 2 cos (n~ 2) ^ -- 2 cos (n — 4) ...| 

11 

therefore, when n is odd, 

2**~^ cos" B == cos nB ^n oos (n - 2) ^ ^ cos (n — 4) ^ + ... 

11 


\n 


|(n^i)/2 


and, *vi^hen n is even, 


2"“^ cos" d =s oos wd + w cos (n - 2) 6 + ^ cos (n - 4) + ... 


1 

+ ;r 


In 


2*|n/2 |n/2’ 


( 12 ) 
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lu similar way, from 

we find that, when n is odd, 
n^l 

(— 1) 2 2”“^' sin" 6 = sin nd— n sin {n — 2)0 + 


^sin(«-4)d- ... 


+ (-l) 


n-l 

2 


b 

|( to - 1)/2 |( n - 


l)/2 


sind, 


(13) 


and, when n is even, 
n 

(- 1)2 2"”^ sin"d = cos7id — Ticoa (n-2)6 + 


n(n — 1) 


i ! 


cos (w — 4) ^ — ... 


n . 

(13), (14) can also be obtained from (11), (12) by putting ~ — dfor 6. 

2 

The above method may also be used to express cos^d sin^d in a 
series of multiples of sines and cosines of where ^ and q are positive 
integers. 


EXERGISB XX. b. 


Prove, without quoting the results of § 8 : 

1. 2^008^0 =008 4^ +4 cos 2^ + 3, 

5. 2^ sin^ Yassin 5^ -5 sin 8^ + 10 sin 

8. 2°sin<’^= ~oos6& + 6cos4^- 16oos29 + 10. 

8. 2* 008^^=: cos 7^ + 7 COB 50 + 21 cos S0 + 36 cos 0, 
a. 2^ sin^ ^ as - sin 7^ + 7 sin 50 - 21 sin 80 + d5>sin 0, 

6. 2^ 008®^ = COB 8^ + 8 008 6^ + 28 cos 4^ + 66 cos 20 + 86. 

7. 2^ sin® 9 as cos 8^ -8 008 6^ + 28 cos 4^ ~ 56 cos 29 +36. 

8 . 2® sin® 9 a sin 99 ~98in 79 + 36 sin 69 -84 sin 89 + 126 sin 9. 

9. 2® 008 ^® 9=008 109 + 10 008 89 + 46 oos 69 + 120 cos 49 + 210 cos 29 + 126. 

10. 2® 00^9*9 sin® 9= sin 79 - 8 sin 69+ sin 89+ 5 sin 9. 
lit. 2® 008® 9 8i{^® 9= 008 79 - oos 69 - 8 oos 89 + 8 cos 9. 

18 / 2®oo8®98in®9= - 008 109 + 2oo889 + 8co869-8eos 49 - 200829 + 12. 



CHAPTER XXI 

EXPANSIONS IN INFINITE SERIES 


§ I. Expansions in powers of the variable can often be obtained 
by Taylor's Theorem or Maclaurin's Theorem, but the differentiation 
may become heavy; other methods often give aYi expansion more 
easily, and expansions in series of sines or cosines of multiples of the 
variable must be obtained by other methods. 

Various methods are given in Examples in this chapt'>r. In 
Chapter xxiii it will be shown how many expansions can be obtained 
from factors by using logarithms. 


§ 2. The following expansions were found, in 0|^ap. xv, by a 
method which is practically the equivalent of using Maclaurin’s 
Theorem 

sin aj = a; — |^ + T= — ...ad infin,^ 

cos aj=lf— ...ad injm, 

[2 (4 

In Chap. XVIII, it was pointed out that both these series are convergent. 

In §3 we shall indicate how these expansions may be obtained 
without calculus. 

The hyperbolic functions sinha? and cosh a? are defined by the 
series (see Chap, xv, § 6, p. 254) 

sinh a? = a; + -nr + ... ad injin,. 

I! 1£ 

cosh 05 = 1+ 7:7 + ^ + vajin, 

[2 |4 

g The series for sin x and oos x can be found without the use of the 
caloolus as follows. 

In Chap. XIV, § 16, p. 244, it is proved f that, if n is a positive in|eger, 

oos n^MOOS’^d - - ooe**”*0 sin^ ^ . T: oos*^^ sin*^ - ... • 

12 |4 


t The proof given on p.244 depends on de Moivre’s Theorem; but it is pointed 
out on pp. 248, 244 that the expression quoted for oos n$ can be obtained from 
the addition formulae, which can be obtained by mathematioai induction, so 
that this expression for oos n6 oan be obtained without the use of oomplex numbers. 
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Pat nB=x. 

n(n-l) 

008 a? = 008** i-nr COS’^2 - Bin*- 

n j2 n n 


008-«? 8m« ? - 
14 n n 


n [2 / 


^ x{x-e){x-20){x-3e) 


/ • ®V 

/ Sin - \ 

<f) 


Now let X remain finite, but let n oo , so that $ -► 0. 

It is po88ible to deduce that 

008 «= 1 - p + 14 “ • • • tnfin,y 

but to make the proof complete it is neoessary (o consider yarious limits i 
and to discuss the question of oonyergenoe. 

Similarly the equation 

8in n^=n oo8»»“^ ^ sin ^ oos»^*^ sin*^ + . . . 

r 


leads to 


8in x^x - To + rr “ ad infin, 

I® L? 


84. To find lit cos f— I . 

ii->« \**/ 

Ijety=^oo«^^ . 

Then logv=nlog^oo8^^ 

=nlog(l-3»in*^) 
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= -2nsin 


/ 2* sin® ^ 1 

8 +•••/ 

Bin—f 2asin»^ 1 

2n< , X . - a? 2n y 

= -*—V“^+““25J+-^r— +•••)• 

2n 

Lt log ^ - a; X 1 X (a factor which approaches zero) 

n-><» 

»0. 

Lt fcos^y^l. 

^-►00 \ nj 


To find Lt 



Since - is acute, when n is large 
n 


, XX ^ X 
tan~> — >Bm — . 
n n n 



881 


the limit. 
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§ 5* Eninpl® i* E(K^and tan x in ascending powers of up to afi, 

Sinoe the series for sin x and oos x are koth ahsolntely oonvergent for all 
yalnes of x (see Ohap. xviii, g 10), 

. sina; . , . , 

tan * = = sin x (oos 

008 a? ' ' 



6'^120 •’VV ”*“2 



24 



■) 


a;8 2 . 

=*+8+16®*' 


neglecting higher powers of x» 


Example E. Find the expansion for x in ascending powers of x, where x 

lies between 1. 




dx 


s sin'll X, where 8in~'^ x is the principal value. 


We know , 

Jl-x^ 

By the binomial theorem, x being between ±1, 

Therefore, integrating each side, 
lajS 1 3 

8in-iay=a;+2 g + ^ 5 + -‘ (®®® §®)> 

and this series is oonvergent, x being between db 1. 


EXERCISE XXI. a. 

1. Use the series for sin os and cos a; to find, correct to 4 decimal places, 
the sines and cosines of angles of (i) of a radian (ii) of a radian. Check by 
aid of four-figure tables, 

a. If , find e to the nearest minute, 

0, If oos 0*9994, find $ to the nearest minute, 

4, If tan dsB0*02, find $ to the nearest minute. 

5. If sin d =0*9998, find $ to the nearest tenth of a minute. 


0, Find a series for oo8‘'^a7, by the method of §5, Example ii, 

7, Find the first three terms in the expansion of sinh^^a;, when 

0. Prove that 4(sinhd+gind) = tf-l-^-h ^+... 

Ii Ii 
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S. Prove that, when a? is the droular measure of a small angle, 
008 *a:=l-a?*+-g- ^ + • 

lO. Prove that, when x is smidl, 

x^ 

cos (a + «) = cos a - 05 sin a - cos a + .. . . 

From the values of sin 60^ and cos 60® dednoe the value of oos 63® to 8 decimal 


11. If 008 ^ $ be expanded in a series of even powers of 0, prove that the eo- 

3 / — 1\» 

efficient ol in the expansion is ~ ■ (l + 3***~^). 

4 jiSft 

la. Prove that COS a; cosh a; =1 — rr+-TS — •••• 

li li 

18 . Find the first significant term in the expansion in ascending powers of $ 
m 28 sin 6 + sin 20 
9+6COS0 ■ 

14 . An approximate value for the angle 0, measured in radians, is 

3 sin 0 
2 + oos 0 ^ 

provided 0 is less than ^ • Establish this result when ^ is small, and show that 
the error is approximately • 

16 . Find values of a and & which make a sin 2d - 6 sin 0 approximately equal 
in value to d, when d is small. 

16. Prove that sin d = d (cos d)i approximately. Deduce that, when d is small, 

log sin des log 0 + ^ log 008 d. 

17 . Prove that, if powers of x abovothe fourth are neglected, 

, sin a; 1 , ^ i tan x u , 

log + j; log sec X = jjjg=log — f log sec *. 

18 . Prove that the roots (other than zero) of the equation ti^ixsjr are 

( 1 2a®\ 1 IT 

j , where -=(2n+l) ^ and n is any integer. 

[From the graplte of tan x and x, it can be seen that the roots are near to 
•• 
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X9. Evaluate: (i) Lt 


(iii) Lt 


28in9-8iii2^ 

cos* a$ - 008* b$ 


0^0 l-eoBce 

n* 




(ii) Lt 


[c^. XXI 
tan 2^-2 sin $ 


(iv) Lt (seo 0 - tan 0)^ 


ao. Evaluate 


Lt 


8 sinh a? - 3 sin a? - tan^ x 


ai. Evaluate 


- . tan (sin x) - sin (tan x) 

jji — — —— * 

x-^o 8ma;-a;cosa:-^Bin3a; 


§6. The eapanaion of tan-^x (x between ±1)« 
Ctregoiy^s Series. 


We know that 
value. 


r 


dx 
0 1 +a^ 


= tan“^a?, where tan”^aj is the principal 


which is absolutely convergent for x between ± 1. 

Therefore, integrating each side from 0 to a? (see Chap, xviii, § 6, 
p. 304), 


tan-’ix 






when X lies between + 1. The series is also convergent when a; s 1, 
but not when a? = — 1. 

It is interesting to see how the expansion may be obtained without 
calculus. 

log (1 + tas) = log \/l + 05* + i tan“^a?, 
therefore, when x lies between + 1, 

i^aj* i*aj* 

log vl + a^ + * tan“^aj = ioj — + -y-— ••• 



6 - 6 ] 

and 


EXPANSIONS IN INFINITE SERINS 


385 


log Vl + a?-»tan~*a! = -ta !--2 

/. i®aj® \ 

2itan-'« = 2rta5+ -y + ^ '* )’ 

fic* aj* 

. •. tan“^aj = a? — - 5 * + ^ — — 
o o 

tan'^a; is the principal value and so lies between +~. 

If 0 is any one of the angles Tan“'a?, 

^ ^ ^ tan®e tan'^tf 

d-7iir = tan 0 g — + — g .. . , 

w 

where n is to be so chosen that 0--nir lies between + ^ . 


Gregory's Series can be used to evaluate «, 

When a; =1, tan~^a} = ~, 

••• ir = 4(l-i+i-|+...). 

This series, however, converges very slowly. Various formulae 
have been devised to give series which converge more rapidly; the 
best known of these are given in Exercise xxi. b, No. 9, 


EXERCISE XXX. b. 

ON GREGORY’S SERIES. 

1 . Find the expansion for tanh~^ x in ascending powers of x. Are there any 
restrictions to the value of x? 

a. Prove tan'i j; = Gregory’s Series, by using the expansions for log (1 + f tan B) 
and for log (1 - i tan B), 

8 . Prove that, if B lies between ^ and ^ , 

4 4 

d=3~-oot S+Joot^^ - ^COt*d+ ... . 

4. Prove that, when x lies between 4 =^, 

4 

ten « - ^ ten'x + '^ tan*x - . . . = tanh ic + ^ ^ tanh*s + . . . . 

5. SomtheMries 1-p+g ^ -^^+...08 in/in. 
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6« Show that, if a? lies between l, 


. /tan“ia:\ a:* 

M— 


« 13a:^ 261«« 

J"** 90 2835 


7. Sum to infinity the series 


ofOos^-^cosS^ + ^cosS^- ... (xd). 

O O 

a. Prove that, provided x is not an odd multiple of - , 

sin a? sin 3a?+-Jsin5a?- (sina?+^sin*a; + ^ein®a?-|-.„). 

a. Pjove the truth of the following identities which have been used for the 
evalnation of ir: 

(i) tan“i ^ + tan“i J j * (Euler.) 

(ii) tan“i i 4- tan"* + tan"! J = ^ , (Dase.) 

(iii) 4 tan-i ^ - tan“i ^ . (Machin. 

(iv) 4 tan-i ^ - tan-i ^ ^ tan-^ ^ ^ • (Rutherford.) 

(v) 5tan-if + 2tan-iT% = ^. (Euler.) 


§ 7 . The two following examples, which are very alike, are worked 
out in full so that the reader may compare the two methods used. 

Example ill* FaetorUe l-2x co$ 6+x\ and hence obtain the expansion oj 
log (1 - 2x eoB $ + x^) in a series of cosines of multiples of 6 {x between Jb 1). 

Deduce by differentiation that 

»*Wn2^ + «3«in3^ + .,. = = — ~ — «. 

1 — ix cos V + ** 


1 - 2a; cos ^ {1 - (a?, $)) {1 - (x, - 

log (1 <- 2a; ooB ^+a;S)sslog {1 - (a?, $)} +Iog {1 - (x, - 0)\ 
f(x,0) . (x^20) . lx»,80), 

^ 4. (^» 4.,,, I (as a? lies between*!). 

{ afS 1 

a;ooB0 + -^oo82^+^ Cos 8^4-...^ 
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Differentiate each aide of this equation with reqieot to 9 (aee Obap. xnn, 

§ 6 ), 

y-g^|^,=2{*8ind + a;*Bm2d+*»8in8« + ...}, 
which is oonyergent when x lies between ^ 1, 

X 8in e+x'i 8in2g + a;» Bin 3g+... > 


Example iv* Prove that (x between ^ 1) 

J log (1 + 2 ^ C 08 0 -i-X^)=X C 08 C 08 2 $ + ^X^ C 08 3 ^- ... 

and tan-^ 5 = x 8in $ - \x^ 8in 20 + ix^ 8tn 30- ...» 

l + 2x €08 0 + x^ “ ® 

Since x is numerically < 1, 

log {! + (*, 6)} =(*, e)-i(a:», 29) + |(a^, 8fl)- .... (1) 

But l + (x, 0)ssl + X coa O-hix 0 

s=j^l + 2 x 008 0 + x^(ooB^+iBin^)f where 0= tan~‘^ ^ , 

X *T* ^ 008 V 

.*. log {l + (a;, ^) } = |- log ( 1 + 2a? cos 0 + x^) + i tan~^ ^ oo^g * *** l+a?ooBtf is 

positive (see Chap. xvn» § 10). 

Therefore, equating the real parts of (1), 

^ log (1 + 2a: cos ^ + a:^)=*a? cos ^ - -j^a?* cos 2^ + -J^a;*C 08 30 - ... 

(Note that the result of Example iii follows from this by changing x to -a;) 
and, equating the imaginary parts of (1), 

tan”! ^ ^ =a? sin 9 -^ 8in2d + ^sin 8^- . 

l + a;oosd 2 3 


Nots. Both series can be proved to be convergent when a;,= l, provided 0 is 
not an odd multiple of t. 

.*. "I log 2 (1 + cos d) = cos ^ J cos 29 + -^ 008 3d - , 
i.e» log ^2 cosQ=:oos9-^oo829+<^oos39- ... 

and tan~^ i ^qos ^ 9 - ^ sin 29 + ^ sin 39 - ... . 


Now 


sin 9 .9 

l + OOBd“*“2’ 


.'. |saBin9-'j|'Bin29+'^8in3d-..., 
where 9 lies between ±ir. 


as 


SHT 
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§ 8 . Example v. Expand gin hx in a series of ascending powers of x. 
sin exp (ax) {exp (ibi:) ~ exp ( - ibx) J 


= ^ {exp (a + t&) ar-exp {a-ib)x}. 


Let a + i 6 = {r, 6), 

Then c®* sin {exp (acr, 6) - exp {xr, - ^)} 

__1 j (xr, 6) (x^r^ 20) 

[1 (2 

, {xr,-0) -26) ] 

11 “ 12 --f 

1 J 2 a:rtsin^ 2x^r^iBin26 \ 

~2i 1 [r~ + [2 +•••[ * 

. , arrsin^ aj^r^ sin 20 a;®!^ sin 30 

e«*BmbX= r; + ;;; + p; +..., 


li 


where r—ijd^ + b^ and 0 is such that sin 6= 


II 


'Ja'> + b* 


, cos 0 = 




Example vl. If sinx=hsin{x+a), where - l<.h<l, show that 

fli fiZ 

x = mr + h sin «- + -jj- sin 2a + -g sin 3a + , 

where n is any integer. 

Bin x = h sin (a; + a) = (sin x cos a + cos x sin a). 

^ h sin a 

/. tana;=; — ; . 

1-h cos a 

exp (ix) - exp ( -- w?) _ ih sin a 
exp (la;) + exp (-ix) 1 - h cos a * 

exp (ix) __ 1 - h cos a + ih sin a 
exp (-ix)^ 1-h cos a - ih sin a * 

/. 2nTi* + 2{a: = log {!-(*, -a)} -log {1 - a)} 

= - {ft, - a) - i (A», - 2o) - ^ (ft», -So) - ... 

+ (fc, a) + ^ (ft*, 2a) + ^ (ftS, 3o) + ... (since - l<ft<l) 
= h2i sin a + Y 2i sin 2a + -^2i sin 3a + 
h^ h^ 

a? = nir + ^ sin a + sin 2a + -^ sin 8a + . . . , where n is any integer. 
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EXfiRCISE XXZ. o. 

1. Expand log (1 - 22 ; 008 0+ in ascending powers of x, when sd; and 
deduce that 

COS $ — X 

UISCOS^ + OJCOS 20 + 35* cos 3^+ .... 

1 - 2a; cos 0 + a;* 

2 . Expand in ascending powers of a; (a;< 1) : 


(i) 

1+35 cos 0 

(iii) 

l-x* 

1 + 235 COS 0 + 35* * 

1 -2x cos 0 + x** 

(ii) 

23; cos 0 

(iv) 

1 

1 ~ 2x sin 0 + X* * 

1 - 2x cos 0 + X* ' 


а. Prove that the coefficient of in the expansion in ascending powers of x 

\ —X 

i — n 7 , Q is oos(w + i)0seci0. 

I~2a;oos0 + a;* v 2/ 2 

4 . Expand in ascending powers of a;; 

(i) e* COB 0 cos (x sin 0), (ii) &a?. 

5. Expand log (sec 0 + tan 0) in ascending powers of sin 0. 

0 

б. Expand log cos 0 in ascending powers of tan - , where 0 is an acute angle. 

a 

7. Expand log cos 0 in ascending powers of tan 0, where 0 lies between + 

8. Prove that, for an acute angle 0, 

log2 cos 0=cos 20 cos 40+^ cos 60- .... 

9 . Prove that, for an acute angle 0, 
log 2 cos + 0= -sin0 + Jcos 20+ J sin 30- J cos 40-^ sin 60+.... 

10. Prove that, for an acute angle 0, 

log tan + 0“^ {sin 0-^ sin 30 + -^ sin 60- ...}. 

11 . Expand tan"^ i ^^^^ 0 where r<l. 

19 . If sin x=ycos {x + a), expand x in ascending powers of - 1 < ^ < 1.) 
13c Prove that, if tan a;= 3 tan {x - y), 

y = sin sin 4®+ ~ sin 6* - . 

14 . If tan a = cos 2u tan \, prove that 

X - a = tan* w sin 2a + ^ tan^ ta sin 4a + ^ tan® w sin 6a + . . . . 
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9 a 

IS. If tan 2 tan ^ , prove that 

- o) = tan-i sin o + 2o + — sin 3a + ... . 


8-co8a’'3 


16. Show that, when ^ is positive, 


'^2.3> 


"8.3* 


=217 


n=»l 


17. If B is an angle of a triangle ABC and less than A, prove that 

- 6 . - 16* . 16* . 

B=:-8inC + n-TSin2CH---Bm3C+.... 
a 2a^ 3 0* 

18. Prove that the coefficient of x”, in the expansion in ascending powers of 

fi 

X, of e*®®** sin (o+x sin jS) is j- sin (w^+«)( where cos a+t sin|3=(r, 6). 

I” 

19. Prove that the coefficient of x* in the expansion of — — in 

QiX ” aOX T 

ascending powers of x, where ao 6*, is ' ~ cos 9 = 6. 

80. Expand e’^coso; in ascending powers of x; and show, by equating the 

coefficients of x** in the expansions of sin a: x e®’ cos x and of sin 2s!, that 

. (n-llr T n(n-l) . (n-2)T 2 t . r (n-llw 

nsin-i— pi“C 0 S 7 + ~r-S‘n — cos-i-+...+BSin 7 COs' 

4 4 1.2 4 4 4 4 

=(2“->-l)Bin~. 
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FACTORISATION. FINITE PRODUCTS 


§ I, There are various methods of factorisation, but the most 
useful method applicable to trigonometrical functions is to deduce 
factors from consideration of the roots of equations. 

This method is applied to various functions in the first part of the 
chapter, after that many forms which can be deduced from these 
fundamental factors are considered. 

Most of the factor forms can be derived from the general factor 
theorem of § 9. 


, , aln 110 

§ 2. Factorisation of — j ^ , where n is an integer. 

In Chap, XIV, § 16, p. 245, it was shown that can be ex- 

^ sin ^ 

pressed in a series of powers of cos 0, the term of highest degree 
being 2”^-^ cos”'-^e, 

sin nO 


sin 


^ can be expressed as the product of n — 1 factors thus ; 


sin nO 


sin 


__ 2”^-^ (cos 0 - )(cos0— )(costf- )..* 


Now sin wd = 0 = sinjtwr, where p is zero or any integer, when 

w — 1 ?r 


TT 2ir Sir 
n n n 


n 


, cos- 


n—lv 


sin n6-0 when cos 6 = cos ~ , cos — , cos — 

n n n ' ' n 


The case of p = 6 has been left out because that corresponds to 
sin 0 being a factor of sin n0. 
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Now these values for cos^ are all different, and no new values 
could be obtained by giving further integral values to •p, 

sin n6 ^ ^ 27r\ / . w — I ttN 

. . — : — = 2**"M cos^ - cos - ) ( cos B — cos — ) . . . ( cos 0 — cos ) . 

sin ^ \ nj\ n J \ n J 

This we shall abbreviate thus; 

Bin nO /» PTr\ ... 

= 2^“^ n (cos0-cos— ). (1) 

sin 6^ p^l \ nj ' ' 

{range of angles tt) 


§ 3 . By a similar method it can be shown that 
coa ntf = 2^“^ ^cos B ~ cos ^cos B — cos . . . ^cos B — cos 


p^n / 

=:2*‘“^ n ( cos cos 

p^i \ 


2p — 1 7r\ 

2n J 


( 2 ) 


{range w) 


§4- Factorisation of C08 uO — coa na, where n is an integer. 

In Chap. XIV, § 16, p. 244, it was shown that cosn^ can be ex- 
pressed in a series of powers of cos^, the term of highest degree 
being 2”“^ cos” ft 

cosntf — coswa can be expressed as the product of n factors 

thus : 

cos - cos na = 2”-^ (cos — )(cos^- )(costf- )..., 

Now cos nB - cos na = 0, ue, cos nB = cos (na + 2j»7r), where p is 
zero or any integer, when 

. 27r 47r Gtt 2(n-“l)ir 

^~a,a + — , u + •**> Z * 

n n n n 


cos n^ ~ cos na = 0 when 
cosfl = cos o, cos , cos + 


n / 


cos 
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Now these values for cos 6 are all diflPerent,t and no new values 
could be obtained by giving further integral values to jo. 


coswa — coswa 


= [cos 6 - cos a] j^cos^ — cos 
j^cos 0 “ cos 


2w - 1 w*' 


)] 


= 2»-» [cos e - cos • (3) 

(range 2ir) 


In particular, put na = ^ , then 

cos n6 - 2^-^ ^ n j^cos 6 — cos > 


(range 27r) 


which can be thrown into the same form as formula (2). 


§5. Factorisation of x® — 1, where n is an integer, 
aj" — 1 = 0 when 

= cos 2pTr + i sin 2pw = (1, 2p7r), where p is zero or any integer. 
- 1 = 0 when x = (l, . where p = 0, 1, 2, . , n-1. 


These n values of x are all different and no additional values for 
X could be obtained by giving further integral values to p. 




2o«' . . 2p7r\ 

cos tsm-^). 

n n / 


This form has the disadvantage that most of the factors contain 
imaginary numbers, but we can group the factors in such a way that 
we get rid of the imaginary numbers. 


t Except when na is an odd multiple of ir. 
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Leave the factor for which = 0 by itself, but group together the 
factors for which p—1 and n — 1, ^ = 2 and n — 2, .... 

= (*- 1) (^a?- 2a:cos^ + 1^ 2x cos ^ + 1^ .... 

If n is odd, the last factor will be ^as* — 2a? cos ^ 


a;»-l=(a!-l) H (a;*- 
p-i V 


p ,2Tr 
n 


2a;co8 + 1^ . (4a) 


(range ir) 

Ifnis even^ a factor j^aj- ^1, remain over, and this 

s equal to a; + 1. 

a!»-l = (a!*-l) n |^a:»-2a;co8^.^ + ij. (46) 


flange it) 


§6. Factorisation of x“ + 1, where n is an integer. 

By a method similar to that of § 5 we can factorise a:*^ + 1. 
a;'^ + 1 = 0, when a?*^ = - 1 = (1, ir + 2j07r), 

i.e. when a: = (l, , where p = 0,\, 2, ..., n-1. 


These n values are all different and no additional values for x could 
be obtained by giving further integral values to p. 
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By grouping the factors in pairs as in § 6, we find : 
wh^n n is odd o 

»--3 

P s I - ■ 

0 ;**+ 1 = (a?4- 1) n — 2a; cos + iV (ha) 

p=o \ n / 

, {range w) 

when n is even 

_ n"2 

a;” + 1 = n ^ - 2a;cos ^ 

^ {rany e ir) 


§ 7 . Factorisation of 

x“ + i - 2 cos na or x*® - 2x“ cos na + 1, 

where n is an integer. 

Put — 2a;^ cos wa + 1 = 0. 

/. (a;” — cos na + i sin na) (x^ — cos wa — i sin wa) = 0, 

. a;’*' = cos na±i sin na = cos (wa + 2 p7r) ± i sin {na + 2pTr), 

where p is zero or any integer, 

/ 2p7r\ ^ / 2j07r\ 

. x= cos (a + ) ± ^ sm fa + -^J • 

Now if p = 0, 1, 2, 71 - 1, we get 27i differentf values for x 

and we get no additional values by giving further values to p, 

a^- 2 x^C 08 na+ 1=^ IL ^a; - cos - 1 sin 

X j^a; — cos ^ sin J 

{range 27 r) 


t Except when na is an odd multiple of ir. 
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And a!" + ^- 2cos7»o= ** n j^a; + i — 2cos^o + J • (6^) 

Note, The factors of oos nd - cos na (see § 4) may be deduced from the above 
thus: 

Let ^=(1» 0), then 

i=(I,-e), x<'={l,ne), ^=(l,-ne). 

/. a; + - = 2cos^, a;” 4--^ =2 cos 

X X”' 

On substituting these values in (6b), we get (3) of § 4. 

§8. Factorisation of cosh nu — COS na, where n is an integer. 
From § 7 

« 1 n o / 2»7r\“l 

+ — — 2 cos na— n ajH 2 cos ( a + 1 . 

^,=0 L a; \ n /] 

Let a = e", then - = e-“, x”’ = e““, \ = 

a? + i = 2 cosh u, aj”^ + -4; = 2 cosh nu, 

X * x^ 


, \ cosh nu — cos na — 2*^“^ 11 |cosh u — cos • (7) 

(range ^w) 

§ 9 - The results of §§ 4, 7, 8 may be stated thus: 


2 cos — 2 cos na 


P=n-l f 

= n 

p=o L 


2 cos 6-2 cos 




b" + ^ - 2 008 no= n ra;+ 1 — 2 cos (a + 

as" L « \ « /J 


2 cosh nu 2 cos ?^a 


l>=:n-lp 

= n : 

^>=0 L 


2 cosh w — 2 cos 




Thus we see that if denote any of the functions 
2 cos nO, 2 cosh nw, as” + — , 

~ 2 cos wa = n - 2 cos J • (®) 

(ra/nge 27r) 

This result, which we shall call the Oeneral Factor Theorem, 
is a convenient summary of the results proved in §§ 4, 7, 8. 
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§ 10. Various footer forms for • 

From § 2 

sin nO ^ ttX / . 27r\ / . w - 1 ttX 

__ — ^ _ 2 »--i ( cos 9 — cos - ) ( cos 9 — cos — ) ... { cos 9 — cos ) . 

sin ^ \ nj \ n J \ n J 

-- n — pTT pir 

Now cos = — cos^- — . 

n n 

Hence, taking together factors equidistant from the ends, we get ; 
when n is odd 


sm ^ \ 


( cos^d — cos^ - ) ( cos^^ — cos^ ■ 


. . . [oon^e - cos’ (9a) 


= 2*~^ ^sin’ ^ ^sin’ ^ ... 


. . . ^ - sin’d^ ; (10a) 

when n is even, there is one middle factor ( cos 9 — cos ^ | = cos 9. 

\ 2 n/ 

= 2”“^ cos 9 ( 008,^9 — cos^ Tcos^^ — cos^ — ^ ... 


[ CO8*0 - cos* 


n 2 w 


l) W 


: 2”“^ cos 9 ^sin* ^ - sin*0^ 


fain* — — sin*^ 
^ w > 

, 2 TT 




sin n9 


If in (10a) and (106) we make ^ = 0, since Lt — ; — ^ = w (see 
Ex, IX, c, No*. 4), 

n = 2*"^ sin* -sin* — ..., (11) 

nn ' ' 


th4.^ast factor being sin* ^ — - or sin* ^ 2 ^— — according as n is odd 
° 2 n 2 n ® 


or even. 
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Hence, on dividing (10a) and (10^) by (11), we get; 
?vhen n is odd 

sin nd / ^ ^ sin* /- ^ sin* 6 \ / ^ sin*^ 
n sin ^ - I . 2 *** )( . a2^ ) *’ ( ” .jW-] 

V ““Vy \ ”? -2- 


-T^Y(12«) 


when n is eoen 
sin nO _ . 
n sin 0 cos ^ I 


( sin*d\ ✓ sin*fl\ / sin *0 \ 


Note that the range of angles in formulae (9)-(12) is ^ in each case. 
For other forms see Exercise xxii. a, No. 6 . 

§ II. Various forms for cos n^. 

Starting from (2) in § 3 and proceeding as in § 10, we get; 
when n is odd 


cos n9 = 2 ’*“^ cos 0 ^cos* $ — cos* ^cos* 0 — cos* 


= 2^-^ cos $ / sin* 2 ^ — sin' 


^C 08 *d — cos* - 2yf (13a) 


when n is even 


... ^sin* — 2^~sin*0^ , (14a) 

s even 

cos n$ = 2"“^ ^cos*^ — cos* ^cos*^ — cos* . . . 

. . . (cos*^ - cos* — (136) 

= 2»-* (sin* ^ - sin*^) (sin* sin* o) ... 


... ^sin* 


. , n- Itt 


9 ). (146) 
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1 = 2”“^ sin® - sin® ~ sin® — 
n n n 


( 15 ) 


tjie last factor being sin® ^ sin® ^^^ — , according as n is odd 

or even. 

Lastly, on dividing (14a) and (145) by (15), we get: 
when n is odd 

COS«0 = COS0 A - A - ... A — 


when n is even 
cos n6 = /^ 1 - 


(16a) 


0 -^) 0 -^) 0 -^) 


(166) 


Note that the range of angles in formulae (13)-(16) is ^ in each case. 

2 

For other forms see Exercise xxii. a, No. 7. 

§ 12 . The following method of finding some of the formulae of 
§§10, 11, taken substantially from Serret's Trigonometry, is of 
interest. 

Prom Chap, xiv, § 16, p, 244, 
cos n$ = cos” 0 - ^ sin®tf + , 

\jL 

sin n0 = j^cos”“^tf sin 0 - — }\ ^ cos”'*®^ sin®fl + ... . 

1-L 1± 

Ifnis even 

cos nfl = (1 - sin® fl)a - ^ ~ sin®tf) * sin®0 + ..,, 


( n tLZz 

sin wtf = cos -j jy (1 - sin®tf) 2 sin 0 
n(n — 1) (»— 2) 


w— 4 

(1 — sin® 0) 2 sin*^ + ... 


}• 
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sin 

coswfl and — ; — yi ar© functions entirely of sin 0, which 

n sin 0 cos 0 

each reduce to 1 if sin ^ = 0. 


Now cos 710 is of degree n and vanishes if 

Stt TT 


ia_ (w--l)7r (w — 3)7r Stt tt tt Sw (w— l)7r 

. COS wfl is divisible by 


, sin® 6 ^ sin^ 

* 1 


0 


sin* 


sin* 


2w 2n 

. • . as COS n6 = \ when 6 = 0 


1 - 


sin®6 


sin®- > - ^ ^ 
2w 


cos n6 = 


ttVi \ 

'■‘V ■•‘”•^-^7' 


sin n6 


Also — ; — ^ ^ is of degree w - 2 and vanishes if 
n sm 0 cos 0 ° 

(n-^)7r ^4^ ^ ^ 


2n 

— is divisible by 
n sin 6 cos 0 •' 

^ sin® 6 , sin® 6 

1 rt > 1 


(166) 


(tI — 2) TT 

2^r“ ’ 


sm* 


2n 


“■ij’ 


1 - 


sin® 6 


. An^2)7r' 
sm® 

2n 


sin w6 - , . - 

as — ; — :r = 1 when 6 = 0 


n sin 6 


n-2 

sinn6 zi 

= n cos 0 n 


sin 6 


p=i 


/ j ^ sin® 6\ 


Vl2i) 


Using the transformation 1 — = cos* ufl- 

sin*o V, tan*e/’ 
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cos nff = cos’ 


P 2/ 

n / 1 

P-il 


tan® 


tan® 


(2p- l)7r 
2n / 


n-^2 


sin 71 ^ . tt® /i tan®^\ 

^ = n cos”-*tf n / I \ 


sin 0 


3 / 

n ( 1 

v = l I 


n/ 


(17) 


(18) 


Serret also finds the corresponding formulae for the case in which 
n is odd. 

§ 13* Factors of ooshnu. 

Corresponding to most of the factor forms of §§10, 11, there are 

£ A. £ £ sinh nu j , 

factor forms for and cosh nu. 

sinh u 

These forms are most readily obtained by putting 6 = iu and 
making the assumption — a big assumption — that the results of 
§§10, 11, proved only for real values of 0, are also true when $ is 
imaginary, and using the formulae cos in = cosh w, sin iu = i sinh u. 
The justification of the results depends on independent proofs that 
make no such assumption as that referred to. 

Some of the results for are found below, and similar proofs 

sinh u 

can be found for the various forms for cosh nu. 

From the general factor theorem, 

cosh nv — cos na = 2”“^ II F cosh v - cos (a + . 

L \ ^ /J 

Put v=2u and a = 0. 

P-n-i / 2jyrr\ 

Then cosh 2nu 1 = 2*^“^ n ( cosh 2u — cos ) . 

pwmO \ n / 

.*. 2 sinh® nu = 2®**"^ II Fsinh® u + sin® — ^ , 
p«o \ ^ / 

= 2®““® n Fsinh®w + sin*^^ . 

p-i N 


sinh® nu 
sinh® 1 
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Let w->0, then in the limit 


n 2 = 2*^-2 n sin ^^. 
sinh^ww p-n-i /sinh® 


sinh^ u 




Now factors equidistant from the ends are equal, and all the 
factors are positive, and sinh nu and sinh u are both positive or both 
negative. 

n-l 


*. when n is odd, 


sinh nu 
n sinh u 


^ sinh®w\ 

n / 1 + V 

'-■l 


n xs even. 


sinh nu 
n sinh cosh 


sin^ — 
n , 

sinh® u"^ 


— ’"n“V> + — \ 


EXEHGISC XXn. a. 

Mainly on bookwork, 

1 , Write out in full the proof of formula (2) of § 3. 

a. Show that the special case given at the end of § 4 can be changed to the 
form of formula (2) of § 3. 

а. Deduce the factors of a?** - 1 from (6a) in § 7* 

4. Deduce the factors of + 1 from (6a) in § 7. 

.. Prove that l-“5^=cos»« (l-^V 
sin-»v \ tan*t;/ 

б. Use the transformation of No. 6 to show that: 

« n-S 


(i) When n is even, 


sinnd 
sin 6 


=nco8>»~^^ 




l—Lt 

(ii) When n is odd. ?^?^=noos»“*d II* /l - ^ \ , 
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7 . Use the transformation of No. 5 to show that: 


(i) When n is even, cos nd = ooB** 6 II fl 


(ii) When n is odd, cos n$=Q 06 !^ 6 


* tan^ 




8 . Use the method of § 12 to express (i) cos n0, (ii) in factors for the 
cases in which n is odd. 

9. Show how the factors of can be obtained from the general factor 

sin $ 

theorem, or from formula (3), § 4. 

10. Use the general factor theorem to show that: 

(i) When n is odd, 


^ / 2p - 1 ttX 

cosh nu = 2»‘*"i cosh u n ( sinh^ u + sin® ~ ^ — ) 

jj-i \ 2n J 


, A sinh®w 

= cosh u n / 1 -f v : — 


(ii) When n is even, 


cosh nu=2'^ 


n” (8inh*u + 8m»^;-^^= nVl+ — \ . 
P-xV 2n ; p.W 

\ 2n 


11. Deduce the results of § 13 and No. 10 above from the results of §§ 10, 11 
by putting e=iu. 


. X 1 sinh®u ,, tanh®w\ 

I. Prove that 1 + — r-s — = cosh® w ( 1 + -r — = — ) . 

sin®v \ tan»i; / 


18 . Use the transformation of No. 12 to deduce, from the results of No. 10, 
that: 


(i) When n is odd, cosh nu= cosh** 


(ii) When n is even, cosh nu = cosh** 


/ n’ fl 

P-X |_ 

-fp 

u n 11 + 


tanh® u 
(2p-l)ir 


® r. tanh®u 


SHT 
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14 . Use the transformation of No. 12 to deduce, from the results of § 18, that: 

p^n-l 

/.X • jij sinhnw _2 / tanh^tiN 

(i) When n is odd, — ^^ = oosh»‘ n / iH \ . 

nsmh« p.i 


/••v «Ti_ • sinhww , 2 / tanh^ti 

(ii) When n is even, = cosh** ^ u H fl-\ 

' nsmhM p«=i ^ 2 


§ 14 . When given a factor form for simplification, the first thing 
to consider is what is the range of angles. 

(i) If the range is 27r, it probably depends on the general factor 
theorem (§ 9). 

(ii) If the range is tt, it may come from the general factor 
theorem by taking together factors equidistant from the ends of the 


product, or by changing into half-angles fusing 1 + cos a = 2 cos*® ^ 

perhaps^ , or it may depend on some factor form that has been derived 

in one of these ways, e,g. the result of Example ii below. 

(iii) If the range is - , it probably comes from a factor result of 

the type (ii) by taking together factors equidistant from the ends or 
by going into half-angles. 

Example !• Simplify 

sin 0 sin (^0 4 - sin + 2 ... sin ^0 + n-l , 


The range of angles is 2ir, so write 


w 

cos - - cos 




I cos ^ - cos 




pwmn—1 f 

the given expression = 2»‘-i II -{< 

P = o I 

=008 cos + n^ + 2 pir^ 

= cos — - COB f n 2 + nd j . 

Example E* Simplify 

2’»-i sin<t>8in ^0 + ^ sin ^0 + ... sin ^0 + . 
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The range of angles is so write 

2 sin* = 1 - cos ^20 + = oos0 ~ cos ^20 + • 

From §4, cos - cos wa = 2’*~^*^ n jcos 0 - cos ^a+ ; 

put 0=0 and a =20, then » 

2sin*n0 = 2'*“i*^ n -|2 sin® ^0 +^^|- . 

sin* n0 = 22(”'“i)** jj jsin* ^0 +*^^1 , 

2**”iBin 0 sin ^0+ sin ^0 + ... sin ^0 + = ±sinn0. 

We have now to consider the ambiguous sign. 

If 0 lies between 0 and - , sin w0 is +ve and all the factors are +ve. 
n 

w 2w 

If 0 lies between - and — , sin n0 is - ve and the last factor only is - ve. 
n n * ^ 

2^ Sir 

If 0 lies between — and sin n0 is + ve and the last two factors only are + ve. 

etc. etc. 

Therefore in all cases 

2“'"*’»in<|ialn sin ••• 3 =£ainn4>. 

(19) 


Example ill* To make various deductions from the result of Eocample u. 
By changing 0 into ^ ^ g®* 

2»-> Bin sin + 1^) ... Bin (« b-)= 0 O 8 n0. 

Again, as 0->O, 

Sin 0 

. IT . 2ir . n - 1 

2^1 Sin - sin — ... sin ir=w, 

n n n 


2 2 sin -sin — ... ^ijn^ 

mm -v » 


but factors equidistant from the ends are equal and all the factors are positive. 

^ 

n n 

the last factor being sin ir when n is odd, and sin ir when n is even. 
This last result was found by a different method near the end of § 10. 
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Again, put 0=2* 

2” cos — cos — ... cos = sm -77 =0 when n is even, 

n n n 2 

or = 1 if n is of the form 4p + l, 

or = - 1 if n is of the form 4p - 1. 

If n is odd, by taking together factors equidistant from the ends and taking 
the square root 

„ IT 27r n-lir ^ 

2 2 cos - cos — ... cos —7; — = 1, 
n n in 

since ah the factors are positive. 

Again, put 0 = tu in (19), and we get 

( - 2i)**“i sinh u sinh ^ ^ . . . sinh + i ^ = sinhnu. 


EXERCISE XXII. b. 

1. Write out in linear factors: 

(i) cos 5a - cos 5^, (ii) cosh 4a - cos 4jS. 

a. Express as the product of quadratic factors: 


(i) - 2a^x^ cos n$ + 


(iv) a;®-“2a;*co8^ f 1, 
(v) + 2 a^ cos ~ + 1. 


(ii) a;4 + ^~2oo8 4^, 

(iii) a;^2_2a:®cos6a + l, 

8. Write out (a) in linear factors, (5) in quadratic factors 

sin IS 


..V /..V /---v sin 6^ 

( 1 ) cos 6^, (n) 008 7^, (ui) 


^ . ... sinh 6 u 

(iv) 77 , (v) cosh 4u, (vi) — r-^r . 

' ' Bind ' ' » \ / Binhw 


4. Express as the product of real factors: 

(i) a;®~a;S+l, (ii) (iii) a;’0+a:® + l. 

8 . Express as the product of real factors : 

(i) (ii) x®-l, (iii) x^ + l, (iv) a;8+l. 

8 . Factorise: 

. (i) sin 3a ~ sin 3/3, (ii) sin 4a - sin 4/3. 

7* Express as the product of real factors: 

(i) a;*»^~a***, (ii) (iii) (iv) 

8. Prove that 

r-n-l/ 2nr\ r-n— 1 I / 2nrM 

(oo8^-oos-)+ _ {i-oob(«+-)}=0. 
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9 . Prove tfaat 

sin^ t ] 

■! 1 

rr.1 


cosn^ - cos na _ J i _ 


1 - cos na 

lO. Prove that 

r-n- 

tan*3^ = (-l) n 


sin2 


( rur a\ I 

n+2)J 


r — n — 1 

n 

r^o 


2nr *1 
cos (f> - cos — 


cos 0 - OOB 


(2r^l)T 


n J 


IX. Prove that 


on~i ’’ “V? “ ^ • 2a 2r + 1 TT 
cos a = 2” 1 n sm , 

r-o 2 m 


cos - cos n$ ' 
^ J 


I a. (i) Prove that 

2»*-i cos $ cos + cos + 

= (-!)»(, 

(ii) Find the value of the product when n is odd. 

(iii) Consider the special case in which $ is zero and n is even. 

(iv) Put n = 2p and deduce that, when p is odd, 

2^-1 cos - cos — ...cos ^ — !-![ — /_ 1 ) 2 , 

p p 2? ' ' 

(v) Obtain from (iv) a factor form of sines by putting 

cos a=: sin . 

18. What is the result of putting No. 12 (i)? 


14. Prove that 


2^~^ cos ~ cos ~ cos ~ ... cos ^ ^ = (- 1)** - 1, 
n n n n ' ' 


15. Prove that 
sin 


in (2n + 1) ^ = 2^^ sin ^ **5’* f sinS - sinS b ) . 

r-i \ 2w + l J 

18. Prove that 

2«~ioos^oo8 008 ••• 


is equal to (- 1) ® cos nB if n is odd, or (- 1)* sin nB if n is even. 


367 
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17. (i) Prove that 


, ir 3ir Sir 2n - 1 -jt nir 

2^“^ COS ^ cos jr- cos s- . . . cos — = cos . 

2n 2n 2n 2n 2 

(ii) Obtain new forms for this equation by taking together factors equi- 
distant from the ends. 

(iii) Use the results of (ii) to find factor forms of sines by putting 

cos a = sin -a^ . 

18. (i) Use the fact that 

. - . a . a+TT 

sin a = 2 sm jr sm 

to prove that, when n is a power of 2, 

• a on-i • ^ ^ + ^ • ^ + 27r . d-{-n-lir 

Bin 0 = 2” ^ sm - Bin sm , . . sm . 

n n n n 

(ii) By taking together factors equidistant from the ends, show that 

, sin 0 = 2»*'‘i sin - cos - f sin2 - ~ sin^ ( sin^ ~ - sin2 . . . 

n n\ n w/\ w nj 

\ n nj 


§15. Applications of Factors. 

Example Iv* Prove that 

n cof n0=cot 0 + cot + ••• + ’ 

The range of angles is ir. 

In Example ii, p. 355, it is proved that 

sin sin <f> sin ^0 + sin ^0 + ... sin ^0 -f ^ ^ . 

Taking logs of each side of this equation, we get 

p=*n-i / riTrX 

. log smn0=log S log sin ( 0 + — ) . 

p»o \ w / 

Differentiate with respect to 0. 

wootn0=*^ S ^cot(0 + ^V 
p-O V »/ 

NoU» This method of deducing a series from a product is often 
ver^useful. See Chapter xxiii, § 8. 
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Example v. Express 




in real partial fractions. 


If a is one of the roots of the equation 4 . i = o, then the partial fraction which 

^ 1 

7ct® 7ct 

has (x - a) for its denominator isf . Hence the two partial fractions 

corresponding to the conjugate roots ^1, , ^1, give 


'-('■V') '('•-?) -(‘■-f) 

_1 (.,-y)|.-(.-y)h(..y)f-(..y)[ 


x^-2x GO&~ +1 


_ p^r ^ 2p7r 
X , 2 cos ^ - 2 COS ~ 
7 

a?2 - 2x cos ^ + 1 


PIT 2pTr 

^xQoa^ -cos-|~ 

x^-2x cos ^ + 1 
and p has the values 1, 3, 5« 

Also the partial fraction corresponding to the factor (a; + 1) is - i ^ 


Hence 


(2r + l)7r 

: + ?; S 


__ 

FTi- - ^,_2^cos 


7 (« + !)* 
2(2r + l)7r 


EXERCISE XXll. c. 

Prove the following : 

- ft,, 1 • '»* . 2ir . n-lir 

i. 2**”^ sm - sin — ... sin «n. 

n n n 

ft^^i^ , w . 2Tr . n— Iw /- ,, 

a, 2 2 Bin - sin — ...sin— — —Jn. n odd, 

n n 2n ^ 

t If is to be put into partial fractions, and if (x - a) is a factor of 0 (x) 

9 (X) 

which is not a repeated factor, the coefficient of the term is , where 

x-a 0 (a) 

ijt' (x) is the first derived function of 0 (x). 
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Prove the following : 


3. 2 2 Bin ~ sin ~ =s ^n. n even. 

n n 2n 

- . IT . 8 t . 2 w-lir - 

4. 2*^1 Bin ^ am ^ ... sm — =1. 

2n 2n 27i 


- , TT , Sw . n-27r - ,, 

6. 2 “ sin sm ^ ... sm — - — =1. n odd. 

2n 2n 2n 


^ 2ir n-lv - ,, 

3. 2 * COS-OOS — .,.008— rr — = 1. w Odd, 

n n 2n 

7. 2***“i cos - cos — ... cos — ^=(~1)«-1. 

n n n 

0 * 1-1 ^ 4n~3ir . 

8. 2«-^C0Sjr- cos iT- ... cos ^ =s ( - COS . 

2n 2w 2n ' 2 

o. o* 1 ^ S’*" 2n-l7r ^ 

9. 2**“! cos cos 27 “ ... cos - — ^ =COS-j^. 

2n 2n 2n 2 


— * 8 1 TT 

lO. 2 cos ^ cos . . . 008 ^ fv ■ — = 1* w even, 

2n 2n 2n 


- w* Sir n — 27r /- ,, 

11. 2^ COS— ooss- COS “T — =:v^. n odd. 

2n 2n 2n ^ 

o«i» ^ • 2w-l7r - 

13. 2”"”» sm 7 - sm -r- sm — ^ = 1, 

4n 4n 4n 

18. Prove that, when n is odd, 

tan^-ftan^^-f^^-f-tan •• +tan =w tann^. 


14. Prove that 

n sin n0 


nBinndt sin 0 . ^ 

r — - — 2 ^ zi where wa=2ir. 

008 n 0 >- cos n$ r<^o oos 0 ~ cos (ra + 0 ) 


15. Prove that 


nsinnd 

008 n 0 - 008 n$ r-o 


0 / - 2rir \ ' 

oos 0 - COB ( j 


18, Express in real partial fractions 
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17. Besolve into the sum of n partial fractions: 

... X** - g” cos n6 .... nx^ (a;** ~ a** cos n$) 

' ' /M2n nr\a _J_ 2 n * ' / ^an _ 2x'^a** cos 710 + * 


18. Prove that 
1 

+ 


a; 2 n _ 2x^a^ cos nd + a-*" * 
1 


+ ...+ 


cos — cos 0 cos — cos 
n n 


("'+?) cosl-cos(^e+^-^) 


= 0 . 


19. Prove that 


r =>■ n - 1 

s 


0 - 2rir\ 1- cos 710* 

l_0o8(^« + _j 

20. If 71 is even, show that 

(1 + x)* + (1 - *)“ = 2 + oot» 1^) • ■ • + ®0‘* ) * 

21. If a = - , prove that 

(1 + a;)2»‘+i - (1 - a;)2«+i = 2 (271 + 1) a; (1 + x^ cot^ a) (1 + a;2 cot* 2a) . . . (1 + a;2 cot* Tia). 

22. If n is even, prove that 

(1 + a;)** ~ (1 “ x)^ — 2nx + tan^ ^x^ + tan^ “2^ ) * 

28. Prove that 

4 _ (a: _ 1)2»= 2 n |aj2 - a: + J oosec^ j* • 

24. Prove that 


(l + a;)«^ + (l-a;)» 

and find the valnes of A and B. 
25. Prove that, if a = - , 


— 

x^ + tan2 a?2 + tan* 


Tia;*””^ X r"n-i x-coBra 

+ 


a?*"-l a;2-l^ r-i a:* - 2a: cos ra + 1 * 


28. Prove that 
» cos 

27. Prove that 


710 + Bin 7 i 0=2**~^^ n sin • 


H 5 “ + ... to 71 terms=7i2. 

- T - oir 

1 - 008 ^ 1 - COS ;r- 

271 271 



362 


TRIGONOMETRY 


[CH. XXII 


§l6. De Moivre^s Property of the Oircle. 

7 /*Ai, A3, A3, An be the successive vertices of a regular polygon^ 
inscribed in a circle of radius a and centre O, and P a point distant 
X from O, such that l. POAi is 0 , then 

PAi® . PAj® . PAg^ PA^ = a;®" - 2x^0^- cos nO + a^. 



= 03^ — 205" a” cos nO + a^, by § 7, 

Ootes’ Properties of the Circle. 

These are really particular cases of De Moivre^s Property. 

(i) If P is a point on OAi, ^ = 0. 

. •. PAi* . PAa^ PA,^2 = - 2a;"a" + a^. 

. *. PAi . PAg PA„ = 05" — a". 

TT 

(ii) If P is on the bisector of l A^^OAj , ^ . 

. •. PAj* . PAg^ PAn^ = 05 ^ - 2a5” a" cos tt 4 - 

= a;^ + 2aj"a" + a2". 

PAi . PAg PA„ - o;" + a". 

EXERCISE XXn. d. 

1. A2 , A^ , . . . , A^ are the yertices of a regular polygon of 2n sides inscribed in 
a oircle of radius a, 

(i) If O is the mid-point of the arc A^ A^^ prove that 

OAi.OAj OA„=V 2 a"- 

(ii) Prove that 

Ai Ag • Ai As Aj A,j=b tjn. 
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2 . A] / A2 , . . . , A2n^i are the vertices of a regular polygon of (2n + 1) sides in> 
scribed in a circle of radius a. If the diameter through A^^j meets the circle 
again in P, prove that 

PAj.PAa PA^iira’^. 

8. A regular polygon of 2n sides is inscribed in a circle of radius a. Pjove that 
the product of the perpendiculars from the corners to a line through the centre 

and the mid-point of one side is * 

4 . A regular polygon of n sides is inscribed in a circle of radius R and perpen- 
diculars are let fall from its vertices on a chord. Show that their product is 

Rn 

^(cos na + cos n/3), 

where 2a is the angle subtended at the centre by the chord, and jS is the angle it 
makes with any side of the polygon. 

5. If a square A^ A2A3A4 and a regular pentagon Bi B2B3B4B5 be inscribed in 
a circle of radius r, show that the continued product of all the chords AB is 
numerically equal to 2r2<’ sin 20 where 20 is the angle subtended at the centre 
by any one of these chords. 

6. If A, B, C, . . . be the angular points of a regular polygon of n sides inscribed 
in a circle of radius a and centre O, and if P be any other point, show that the 
sum of the angles made by PA, PB, PC, ... with OP produced is 

^ , a** sin ne 

tan“i — - , 

a** cos 71^ -a:’* 


where OP = x and PO A = 6 , 



CHAPTER XXIII 

INFINITE PRODUCTS 

§ 1. In Chapter xviii it was explained that the theory of infinite 
series was not treated fully on the grounds that it is outside the 
scope of the pt-esent work and is best studied after some acquaintance 
with infinite series. For similar reasons we shall not deal with the 
fundamental difficulties of proceeding from the product of a finite 
number of factors to that of an infinite number of factors. The reader 
should consult such books as Hobson’s Trigonometry and ChrystaPs 
Algebra, 

If Hi" denotes the product of n factors Wj, Wg, Wn> where 

is a sequence of quantities formed according to some law, and if 
Lt Hi" tends to some finite limit IT, then n is spoken of as the 

»->oe 

value of the infinite product and it is said to be a convergent 
product. 

When we wish to express /(a?) in the form of an infinite product, 
we shall content ourselves with adopting one of the following 
courses : 

(i) we shall find IIi", the value of the product of the first n 
factors, and we shall prove that Lt 

n->oo 

or (ii) we shall show that /{x) = IIj” x Q, where Q lies between 1 
and a quantity which approaches 1 as tends to infinity. 

§ 2. To prove that 
■in 9 0 9 9 

■ acoggcoBg^oog ^ ... ad Infin. (Euler’s Product). 

• no 9 . e 

sin 0 = 2 cos a sm 

= 2*cos.^cosg5Sin ^ 

o. 6 6 6.0 

= 2* cos ^ cos COS ^ Sin ^ 


^^ 6 6 6 0.6 
= 2«oosg0os^cos25 ... cos^sm^. 
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$ 0 6 6 sin 0 

n,* = COSs0O8^,COS^ ... CCW 2-. 

2 2 2 2 2»8in|i 


.-. Lt ni»= Lt 

n~^<x> tt— ►<» 


sin $ 2“ 

~s~ ~7~e 
Slugs 


sin ^ T i. 

' ~iF“ 0 


(Chap. IX, § 4, p. 139.) 


sin 0 0 0 0 j • /. 

•. = eos ^ cos ^ cos ^ ...ad tnjin. 


§ 3 < To show that when ^ is real. 


sin ^ (l - (l - ^) ... a4 Into. 

From Chap, xxii, § 10, p. 348, when n is even 


sin nO 
n sin 6 cos 0 


( .. sin’ 0 \ 

^ , «-2ir )• 


Let n6 = il>^ and let <l> remain finite, but let n~>ao, so that 

0 = ^^o. 

n 
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m -a a . sm 6 <}> Sin 0 ^ 

Then n sm 0 cos 0 = n6 cos - = <6 — ^ cos - . 

6 n ^ 0 n 


•a A. ( / sin®^ 

... sin 0 I , 1 I , « 

1 - 772 ;. 

V J \ 


X 1- 


8in^ — \ 

1 - ^ 

sin^ ~ ) 
n/ 


where Q = I 1 — 


. - r + 1 TT 

sin^ 

n , 


r -¥2ir 


XT sin 0 - 4 > ^ 

Now, as w^oo , -2 ► 1, cos — 1 

V n 


sin*^ sin*^ (P^) 

1 ^ = l-7r^ X ^ 

8in»^ (±\ sin»^ 

n \nj n 

where Q is the value of Gt as w->-oo 

To complete the investigation it is necessary to prove that Ql lies 
between 1 and 1 — €, where c is a positive quantity which approaches 
0 as r gets larger and larger. 


p^TT^ p^rr^ 
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Since we are at liberty to choose r as we please, we may choose it 
so that 



when p = r + 1 or any number >r + 1 ; hence we see that each factor 
in Q is positive and less than 1. 

Q<1. 


The proof that Q > a quantity which approaches 1 as r->- oo is 
more difficult. The reader should consult Hobson’s Trigonometry 
for the completion of this proof. See also § 6. 

Note we might equally well have started from the product for 
sin nO when n is odd, formula (12 a), p. 348. 

Note also the following form for the product : 


sin 





\ 

(2p)«7rV * 


§ 4 . By an investigation similar to that of § 3, from the formula 
(16a) or (166), p. 349, for cosn^, we can deduce that, when is 
real, 

... adinfin. 


»»=« /_ 4 ^ \ 


See also § 6. 

The infinite product for cos <p can also be obtained by dividing the product for 
sin 20 by that for 2 sin 0. 


§ 5 - The infinite products for sin and cos have been proved 
for the case in which ^ is real; they can also be proved to be true 
when is imaginary or complex. See Hobson’s Trigonometry, 

If we put <l> = iu we get, from § 3, 

►/a 


sin lu 


= iu (l + (l + (l + ^) ... orf in/Jn. 
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Now sin iu = i sinh «. 

sinh u = u (l + ^) (l + (l + ... ad infin 

P = 0# / 

su n I 

p=i \ 

Similarly, fl-ora § 4, 

co»*»"=(l + ^)(l+^) (l + ^) ad infin 


U2 \ 


p=tt r 


4u^ 1 

^ + (5p-i} g^J- 


These products can be derived from the results of Chap, xxii, § 13, and similar 
results. 


§ 6 . The infinite products for sin <f> and cos can also be obtained 
from formulae of Ex. xxii. a, Nos. 6, 7. Thes6 formulae are not so 
easily obtained as those used in §§ 3, 4, but the investigation of the 
convergence is a little easier. 


To show that, when ^ is real, 


From Ex, xxii. a, No. 7, when n is even, 

/, « , tan^^ \ /, tan*^ 

cos n& = cos 




tan^ 


DC 

('■ 


tan^^ \ 


2n 
tan®^ 


tan® 


(^-1) 

2n 




Let n6 = <f>f and let remain finite, but let n-^co ^ so that 
n 




INFINITE PRODUCTS 


where Q = I 1 — 


tan* - 
n 

..(2r+l)7r 


.„(2r + 3)fl- 1 ■■■ 


... 1 


(M-^ I 


Now, as fi'-xxiy cos"-->l, 
' ' n 


and 1 — 


2n I ^ 4<^* 

. pir I ^ »*7r* p*7r** 

‘•"w 


... .^)(l _^)...(. -^.5^)0, 

where Q' is the value of Q as 00 . 

We shall now prove that Q' lies between 1 and 1 — c, where c is 
a positive quantity which approaches 0 as r gets larger and larger. 

Since we are at liberty to choose r as we please, we may choose 
it so that 


where ^ = 2r— 1 or any number >2r — 1; hence we see -that each 
factor of Gt is positive and < 1 , 


a is < 1. 


S HT 
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Again 



r 4n^ 4n^ 4n^ \ 

>1 - tan -|(2r + l)»a-* (2r + 'df^ "• ^ (w-lfw*/ ’ 


since tan ^ ^ acute angle for all the values of p in 

the range. 


■•. 0,1 


f ' I ' I . +- i— I 

~ /rt «\«> ~ ••• ~ /__ l)v 


jr» wt(2r+l/ (2r+3)“'^ 

4n« f 1 1 

^ ^ «t2r(2r+2)'^(2r+2)(2r + 4)'^’" 

^ (» — 2) n} ’ 

, in\ .</.lfl 1 1 1 

».c. >1 ^*»“„2\2r 2r+2'^2r+2 2r + 4'^"‘ 


, 2n> ,^/l 1) 

%,e. > 1 - tan* - jr V 

IT* n 127* n) 


n 


-2 «/’ 


i>l - 



t If U|, ttg, tig, ... are each positive and eaoh <1, 

(l-^Uj) (1-W,) (I-W3) ...>l~(Uj + Wj + tlg+ ...). 
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Q' > 1 ^ X 


. Q' > 1 — €, where «->• 0, as r gets larger and larger. 

•••. ««« <^ = (l - %) (l - (l - ^ 

The proof of sin </» follows the same lines, starting from the formula 
of Ex. XXII. a, No. 6; the end part of the investigation is as follows: 


GI>1 


>l-”;tan*^ 
TT^ n 


tr n 


|(r+ l)"'*' (r + 2)‘« ■*■••• - 2 y| 

|r(r+l) (r+ !)(»•+ 2y^ ^ 



EXERCISE XXIU. a. 

Mainly on bookwork, 

1. Find jbhe infinite product for sin <f> from formula (12a), p. 848, for 8inn(? 
when n is odd (see § 3). 

a. Fin4 the infinite product for cos 0 from formula (165), p. 849? for cosn^ 
when n is even (see §4). 

8. Deduce the infinite product of cos 0 from those of sin 20 and sin 0 (see § 4). 

4. Find the infinite product for sin0 from the formula of Ex. xxn. a, No. 6, 
when n is even (see end of § 6). 

a4-« 
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§ 7‘ Example i. Prove that 


SCI-, 


4^- 


CO8 2d> + COS20=:2cO8^ $ __ 

^ P-iLt (2p-lw-2$)^\ 

008 2<f> COB 2$ = 2 cos (6 + <l>) cos (6 - 0) 




P 


■ 1 TT -- 2^ - 2(p) (2p - 1 TT + 2^ 4- 2^) (2p - 1 w - 2^ + 2^) (2j? - 1 tt + 2^ - 20)“ 


=2 n 

p-i 

_ - [(2^^ T - - 4»’‘] [(2^ T + 2g)<‘ - 4^’i] 

" pii (2i»-l)‘^‘ 

Put 0=0. 


Then l + ooe2^=2’’H* , 

(2p-l)^w^ 


p = i 

COB 20 4- cos 20 _ P** 

1 + 008 2d 


=^r rji - 1 |i . 

p-iL( (2i)-lir-2«)2) I (2j)-lT + 2tf)4J 


cos 20 + COS 2d = 2 0082 d 


lEf* 


40^ 


(2j>-ljr-20)2| 


H- 


(2i)-lT + 2d)2i 


}]■ 


EXERCISE XXm. b. 

le Prove that the value of the infinite product 
(l-tan»?) (x-tan>?) (l-tan=|) 


tana* 

2, Prove that 

(2cosd-l) (2oos2d-l) (2co3 22d-l) ... (2coB2””id-l) = 


2 cos 2”d + l 
2 cos d + 1 


8. Prove that 

Write down the corresponding result for — . 

Bin d 

4 . Prove that 

cos(d + 0) ^pg«> 20 \ / ^ 20 \ 

cosd p«i \ 2d~'2p-.lT/ \ 2d + 2p-lT/ 

Write down the corresponding result for ^ • 

4e Express cos 20 ~ cos 2d as an infinite product (use the method of Example i) 
and hence show that 

co.20-coB2<^=2sm»«(l-g)'r[{l-j-^j|l-^^^^ 
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6 . Show that 
sin 6 + sin 0 
sin d 




Write down the corresponding results for . "* 

7. Show that : 

cosh M + cosh V _ ^ u^-^2uv \f^ , u^-2uv \ 

1 + coshv “"pis V ■^( 2 p-.l)‘*»ir 2 + t;2; ( 2 i?- I)5*7r3+t;2; » 

... cosh w - cosh p _ / *** + 2 mv \ A u^-2uv \ 

(iij “fTcoshi; ”■ V” V "^(2^)^ ir^ {2py^ ir'* -h ) * 

..... sinh M + sinhi? /. M2+(-l)P2My\ 

<“■) 8Sh » -- = + ) • 

8. Express cosh u4- cos d as an infinite product, [Put cosh u= cos tu, and 
proceed as in Example i.] 

Hence show that 

^pssOOf y2 y2 \ 

coshu + cos^ = 2cos2 - n -^1+ = }• il+ = . 

2p=i ( {2p-lir-e)V I (2p-lir+ef\ 

9. Show that 

ooshu-cos (?=2sin» | (l+ {l+ |l+ . 

10. Show that : 

P — Vi f 4l^4 1 

(i) C08h« + C08« = 2^n 

pssoo # 4 1^4 I 

(ii) coshu-oosw=u2 .n U4- v t~ k f » 

' ' p-i l {^P)*r*l 

11. Prove that 

V2 (sin I +C08|) = I (x + 2x) |l - {l - .... 

18. Prove that 

• p?i ■■ (a + nir)4 (o-»ir)=J ^ 3 3 

13. Prove that 

. '’n"fi+l) = ?^5^. 

p-l \ pV sr 

14. Assuming the infinite product for sin $ and the series for sin 6 and oos $ 
in ascending powers of 0, prove that 

(1+®) ^1- gj ^1+ gj ^+4j£ 4S|£ 4» |^■'■4*|1■*■4*[5“•••• 


18 . Prove that 


13 . Prove that 
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§8. Applications of Infinite Products. 

Example ii» Prove thaty except when $ is a multiple of ir, 


1 J )«00 

cot6 = -+ S 

tf p- 


1 i 


I,® I 1 _ j 

= 1 X^-pir ^ ^+2?trj^ * 
and deduce another expansion by differentiation, 

Bine^e n 

P-1 V jp^ttV 

P SS 00 

Iogsin^=log0+ S {log(p7r-^) + log (2)7r + ^)-log2>^7r2}. 

p-i 

Di£f6r3ntiate each side with respect to 9, 


1 P 

.*. cot^=~+ S 

0 p 




1 p=« j 1 

'6 

By differentiating again, we get 


i0- 


- n-— - 1 . 
pir ff^+pTr} ' 


1 »> = “ f 1 1 i 

cosec2d = ^. + S . 

0' P-I l(0-l>’r)’‘ (0+I>’>-n 

Example ill. Prove that 

111 , . „ t’ 

j5 + ^ + 3,+ ...aaint>n-=6. 

-Ill , . , ir* 

and jj + ^ + p+...ad»nfin.=^. 

sin 0 = 0 ( 1 -5) (l-£*) 

uso Bin 0=0- — +|g- ... . 

\ *-’A 2*irV\ 8«irV 6^120 •' 

Expanding each term and collecting in powers of 0, 

““6^^\120 2*86; * 

_ g» ’ 

"■“6 ”180' 

Equating coefficients of 9^^ and equating coefficients of 9^^ we get the required 
results. 
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Example iV« ^rove that 

1 ~ i* 1 *1 *7 ‘ ^ (W'allU* Theorem.) 


sin^ 

e 




Put B=Z, then - = s* 

2 X 2 


Hence 


1.3 3. 5 ^5.7 
“2.2‘4.4*6.6 

x_2 2 4 4 6J 
** 2 ■’I's's's's*?* “*• 


Wallis’ Theorem is also stated thus : 

When n is very great 

a/T 7e\ ^ 2 • 4 • 6 • . . . • 2/1 . , - 

'^I’T (2n + 1 ) = i .3 .5. . ; .,(2»-T) 

For it is approximately true that, when n is large, 

2 1 . 32.52 (2n-l)2(2n+l) 

** x“" 22.42.62 (2»)2 ’ 


/. V|^x(2n+1) = 


2.4.6 2n 

1.3.6 (2n-l)’ 


376 


EXERCISE XXIXI. c. 

APPLICATIONS OP INFINITE PRODUCTS. 
1. Assuming the result of Ez. xxin. b. No. 9, sum to infinity 

' Ah ^ - I — ^ I V I ^ - 

» 02 (2x - 0)2 (2x + 0)2 (4x - 0)2 (4x + 0)2 


a. Prove that 
8. Sum the series 


l + 2*‘^l + 6»'''l + I0»''‘ 8*^4' 


1.1 1 


+ .... 


1 + 42^14-82^1 + 122 

P — 00 2 

S =— — --sxcothx-l. 
.-1 i+i»* 


4. Prove that 
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a. Prove that : 


(i) tantf_ 8 tf |^a_4g2 + g,^j_4^a + 5a^a_4ja+ -I > 

(“) i®®®*.® = (ir-2tf)i* (ir + 2tf)S ■*■ (3x-2tf)* (3*- + 2«)i'''’ ' 

•. Prove that 


7. Prove that 


cot«=^- -taug-ptan^-^tanp- 


8 . Sum 
8 . Prove that: 


16 2® 


111 _7r2 

W 12 + ^3 + ^+ ' q * 




(»i) r4 + p+64+ - = 


96' 


10. Prove that 

11. Prove that 


12 22*^32 42”*'"‘~12* 


1 1 1 1 1 

^ + 22 42 62 72 82 102 "*■ 27 ■ 


la. Snm the infinile series 


1.2'''2.4'*'3.6'^"‘ 

18 . Sum the infinite series 

^ 6 ^ n 

1 IT® 

14 . Prove that 2 where the snmmation includes all positive in- 

tegral values of r and a except that r and a must not be equal. 

18. Proi^e that the sum of the products two together of the reciproc'vls of the 

■JT® 

squares of all different positive odd numbers is 
18. Find the sum of the series 
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17 . If 2, B, 5, ... are all the prime numbers, prove that: 

18 . Prove that the coefficient of 05*^ in (1 +«) ... is , 

18 . When n is large, show that an approximate value of 



CHAPTER XXIV 


THE CUBIC EQUATION. SYMMETRIC FUNCTIONS OF 
ROOTS OF EQUATIONS 

§1- Equations involving trigonometrical functions have been 
solved in many parts of this book, and we have seen how trigonometry 
may be used to solve the algebraical cubic equation with three real 
roots (Chap, x, p, 161). 

In this chapter we shall first deal with the other cases of the 
cubic equation; then we shall consider various methods of finding 
relations between symmetric functions of roots of equations, the 
methods generally depending on the expansions found in Chapter xx. 

§2- Solution of the Cubic Equation. 

Any cubic equation can be reduced to the form 
ic® + pa? = g. 

I. In Chap. X, p. 161, we solved such an equation by aid of the 
formula 

icoa^ff ~ 3 cos^ = cos 3^ (1) 

If we put x=Acoa 0, we get 

cos* 0 + cos 0 = g, 

or 4 cos® ^ ^ cos ^ = p (2) 

For (1) and (2) to be the same equation 

^ - 3 and ~ = cos 30, 
fr kr 

4 ^ 

The method will only apply if p is negative and ^ lies between 
1 and — 1 (including both limits). 
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II. The corresponding equation 

4 cosh^ w — 3 cosh u = cosh 3w 




enables us to solve the cubic equation if p is negative and ^ is posi- 
tive and 1. 


III. Again, the formula 

4 sinh* w + 3 sinh u = sinh 3u 

enables us to solve the cubic equation for the cases in which p is 
positive without any restriction as to the value of q. 


IV. Thus we can deal with every case except that in which p is 
4 ^ 

negative and ^ is negative and numerically greater than 1 (i.e. 


<-l). 

This case can be dealt with by putting a? = - y, which gives us the 
equation 

and so now comes under II. 


In cases II, III, IV we shall get an equation 
cosh3i4=... or sinh3w=..., 

from which, by the aid of tables, we can find 3u, and so u. Now if 
3a is the value of 3u found, 

the general values of 3tu are 3a, 3a -i- 27ri, 3a + iiri, . . . , 

„ „ M „ a, o + |irt, o+^irt, 

therefore the three values of cosh u are 


47r»\ 

and similarly for sinh u. 

Therefore in cases II, III, IV one root of the equation is real 
and two are imaginary. 


cosh a, cosh ^a + , cosh ^ 


EXERCISE XXIV. a. 

Solve the cubio eqaations : 

1. a?3~3a?-4as0. 

a. 


8. a;* + 3a; -2=0. 
4. 2«S-2a; + 8=0. 
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§ 3. Symmetric Functions of Roots of Equations. 

Before reading the rest of the chapter, the student should revise 
the elementary work on the Theory of Equations to be found in 
most books on Higher Algebra. The chief knowledge required here 
is: 

(i) If o, y, . . . are the roots of the equation 

■¥ ... = 0, 

Sa = --‘, Sa)8="^, 2a/Jy=--% etc. 

«» «o *0 

(ii) Familiarity with the transformations of roots of equations. 
The reader is advised to work through Miscellaneous Exercises ii, 

p. 170, Nos. 69-75. 


§ 4 - Relations between the roots of fairly simple equations may 
often be obtained by elementary methods. The formulae of Chap, vii, 
§ 7, p. 113, are particularly helpful; the following example illustrates 
their use. 


Example i. Prove that the equation 

a® co«* 0 + 6^ 8in^ 0 4- 2ga cos <p + 2fb sin ^ =0 

has four roots, not differing by a multiple of 2ir, and that the sum of these roots is 
a multiple of 2ir. 

Let «■ tan then 8in^ = j^, co8^=^^. 

Substitute these values in the equation ; it reduces to 

t4 (a2 - 2ga + c*) + ifht^ + 1* (462 - 2a^ + 2c^) + 4fbt + (a2 + 2ga + c2) = 0, ... (i) 
an equation having four roots, say ^2 » 04* 


Also 
From (i) 


01 + 02 + 03 + 04_ ST 1 -ST 3 

tan 2 ^T-TT-TxT^ 


ZT,-ST,= 


-4/&+4/1. 
a2 - 2ga + c® 


'^1 + 03 + 03 + 04 

o =wir, 


6 ^ + 02 + 03 + 04 = 2 HT. 


(§16, p. 244). 



3 - 5 ] SYMMETRIC FUNCTIONS OF BOOTS OF EQUATIONS , 381 


EXERCISE xxnr. b. 

1 . Prove that the equation oos 2d + a cos d + & sin d + c =3 0 has, in general, ?our 
solutions a, p, 7, d, between 0 and 2 t. Prove that a+p+y+d is a multiple 
of 2ir. 

а. Assuming that the values of d found from the equation cos (d - a) tan d 
are all real, determine the number of roots that lie between C»and2ir, and prove 
that the sum of these roots is 2a or differs from 2a hy a multiple of 27r. 

3. Prove that, in general, the equation A sin* a? + B cos*a; + C = 0 has six distinct 
roots, ai, ttg, , ae, no two of which differ by a multiple of 2ir, and that 

tan I (ai + Oa + ... +a6) = - ^ . 

4. If a, Pt 7, 5 be four roots of the equation tan^d + ^^ = 3 tan 3d, and no 

two of them have equal tangents, prove that 2) tan 2a = ^ . 

б. Prove that the equation a sin 2d + b sin d + c = 0 has, in general, four solu- 
tions a, /3, 7, 3, not differing by multiples of 27r, such that a+i3 + 7 + 3 is an odd 
multiple of tt. 

Also prove that : 

(i) sin a + sin^ + sm7 + sin3 = 0, 

(ii) 4 sin a sin p sin 7 sin 3 (S sin a sin + 1) = (S sin a sin p sin 7 ) 2 , 

(iii) (cos a + cos /3) (1 + cos 7 cos 3) + (cos 7 + cos 3) (1 + cos a cos /3) = 0. 


§ 5 . Functions of ratios of angles of the type ^ , including 

^ , can be deduced from the expansions for cos sin n6 in Chap, xx, 

§§ 1-6, or the formula for tan n$ in Chap, xiv, § 17. 

For instance, the expansion of cos nd (formula (1), p. 320) gives an 

equation with roots of the type cos ^6 + • See Example iii, 

below. 

The expansion of sin nO (formula (2), p. 321) gives an equation with 
roots ot the same type. 

The formula for tan nO gives an equation with roots of the type 


Again, formulae (7)-(10) of p. 325 give equations with roots of the 
type sin 4 - • 
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From these equations, by putting ^ = 0, equations involving 

functions of — are derived.! In these cases it is often necessary to 
n 

XU r 1 .XI. i. T 4 . Tx sin 74^ 0 

use the fact that Lt ^ = Lit — ^ x — -x xn = n (see p. 139). 

sm^ a->o sin^ \ r / 


Bzample It. Prove that : 

(i) co« ^ + C05 + + + » 

(ii) cos 0 cos -t* 

cos 3d = - 3 cos d 4 - 4 cos^d. 

4 cos^ d - 3 cos d - cos 3d= 0 


is an equation in cos d whose three roots are cos d, cos 
Hence the results follow. 




Example iiL Prove that, if n is odd: 

( 2ir\ / n^27r\ 1 

(i) cos a cos [a a + J ”2^ 

i-n . / , M , . / 

(ii) «€C a + s€C ( «+ — I + ... a+ - — Js=:(-1) ^ nsecna. 

From Chap, xx, § 2, p. 320, if n is odd, 

2oosnd=(2oosd)**~n(2cosd)**“®+^^-~-^(2cosd)”“4- ... + (-l) ~^n. 2oosd. 

If d has any one of the n values a, a + — , a + — , ..., a+ — , then 

^ n n * n 

cos nd has the value cos na. 

Hence, putting 07= 2 cos d, the equation 

n-l 

o;*»-7M7**“^+ -^-^5^07**"^ 1) * n47-2cosna=0 

1 . A 


has roots 2cosa, 2cos^a + ~^, ..., 2 cos ~ ^ 
/ 2ir\ / nlTi 2ir\ ! 

/. cosacos I a-h — j ... cos ( a + — - — 1 = 


2 cos na 


2» 2**“^ 


cos na. 


"2 


. , ir / 2ir\ / n~12TM 

And 5 sec a + seel a + — ) + ... +Beo( a + ) =L- — i . 

2L \ wy \ « yj 2oosna 

sec a + sec + + ... + 8eo^tt + --^ — ^ = (-» 1) * nsec na 


t Compare Chap. xxn. 
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Example iv* Prove that, if n is odd; 

1 n— 1 

(i) tana taw ton + ... tan = * tanna, 

(ii) tan - tan ~ ... taw ^ =(-1) ^ w. 

From p. 244, if w is odd, 

n-l 

, ^ wtau ^ -,.03 tanS^ 4 - ... + ( -* 1 ) ^ tan»^ 

tanw0=3 Jt-f ^ V . 

n-l 

+,.. + {-!) * wtan"”^d 

If e has any one of the n values a, a + ~ , a + ~ , ...» a + ^^ - ~ then tan n0 

n n n 

has the value tan na. 

Hence, putting x = tan 6, 

n— 1 , n-l 

(-1) * -^CjiC^ + Wir-tanna {(- 1) ^ - ... -^C2a;2 + l}=s0 

is an equation whose w roots are tana, tan + tan ^a+ ^ 

tanatan ^a + ^^tan^a 4 -~^ ...tan^a+^-^^^= (- 1) 2 tanna. 

If we put a=0, we get 

(see p. 139). 

This last result could have been obtained as follows : 
tann^=0 when d=0, 

Hence, putting tan d=x in the formula for tan n$, when n is odd, 

n-l 

is an equation whose roots are 

i. /\.L rr . 2ir . n-lir 

tan 0, tan - , tan — , ... , tan . 

n n n 

n-l 

n-.C,**+... + (-l) * a!*-i=0 

. It . 2ir . n-lir 

tan tan — , ...» tan * 

n n n 

. ir..2ir . W-lir , 

tan “tan — ... tan -=s(-i)-^w. 

w w w 


has roots 
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EXERCISE XXIV. c. 


Prove that: 


(i) Bin d + sin + sin =0, 

(ii) 4 sin B sin sin = - sin 3^. 


2 . Prove that: 


(i) tan 0 + tan ^ 

(ii) tan B tan (^B + tan = - tan 3^, 

(iii) tan^ 6 + tan^ = 6 + 9 tan'-'S^, 


9. Prove that, if n be odd : 


(i) tane+tan^e+^)+tan^fl+— )+ ... +tan +’i-^)=ntanntf, 
{ii) cot d +oot ^6 +^) +oot (^d +^) + ••• +®o*' + ^- ~--'^=:n<iot nS. 


4 . Prove that : 


(i) oot««+oot2^tf +^)+cot®^e + ^)+ ... +eot°^g+ " 

= n2 cot2 nB + n{n- 1), 

(ii) tan«« + tan*^tf + ^)+tan2^» + ^)+ ... +tan2^e + --^) 

= n* cot* + wff) + » (n - 1). 

5. If n be even, prove that : 

(i) cos dcos ...cos ^B + - ^ 

(ii) Bec0 + 8eo +^) + seo^9 '^^)'*' '■• +s®® + 

d. If n be odd, prove that : 

(i) 8eo^seo^d+~^ ... sec =2»^“i8eo w^, 

(ii) Beo*^ + seo*^^ + ~^+ ... +sec2^^ + ^ ^ = n* seo ^ nBf 

(iii) tan^ B + tan^ + . . . + tan® = n (w sec* — 1). 
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7. Prove that; 


(i) sin 6 sin + ••• 


^ =( - 1) * sin nd, when n is odd^ 

n 

and = ( - 1) (1 ~ oos n^), when w is even. 

(ii) cosec* <?+ooseo^ ^ ^ 

=»*ooBec*nd, when n is odd, 
and= Jn* ooseo* ^ , when n is even. 

8 . Prove that, when n is odd, the sum of the products taken two together 

of the (w- 1) quantities tan - , tan — , ... , tan is — . 

n n n H 

9. Prove that, when n is even ; 

/•XX X 3ir . 2n-lrr ^ 

— n 

.... . T , 3ir . 2n-l7r . -3 

<”) ... tan-^ = (-l) . 


lO. Prove that : 


(i) ^ S sec® — =n*-l, when n is odd. 

p-i n 

p^n-i pjr w2-l 

( n) S ooseo* — = — ^ . 
p^i n 3 

..... pw 2(»*-l) 

(m) ^2 ooseo«|j=— 

11 . Prove that; 

(i) 8in» jj + 8in« jj + 8xni> ^ + sm* jj- + smS jj = -j- , 
. (ii) ootn^+oot»^+oot«?j+cot*^+oot*jj=16. 
19. Prove that the values of x which satisfy the equation 

ll 

are given by « = tan , where p is any integer 

19« Prove that tan tan 2^ tan- ^2”7 

4n 4n 4n 


s UT 


H 
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§6. The evaluation of symmetric functions of the trigonometrical 
radios of angles such as **• special values of n may 

be effected' in various ways, most of which ultimately depend on 
forming an equation of which the ratios are the roots. An 
example will illustrate some of these ways. 

Example v« Prove that : 


2ir 


4ir 


6 ir 


8 ir 


(i) cos-^ +cos-y + co«-^ + co« — = - g, 

2 ir 4ir 6ir 8ir 1 
(u) eo,-^co,-^eo,-^cos-^ = ^. 

First solution, 

[This is not very suitable except in the case of small denominators ; even with 
as large a number as 9 it is clumsy.] 

If ^ be any of the angles ^ ^ ^ > y » == 

/. cos 4^ = cos 5^ = cos 2 ^ 008 3^ -sin 2^ sin 3^, 

2 cos* 2^ - 1 = (2 008 *^ - 1) ( - 3 cos d + 4 cos^ e)-2 sin d cos ^ (3 sin ^ - 4 sin^d). 

Let X s 008 0, then sin* d^l-x\ 

2 (2a:* ~ 1)* - 1 = (2:i:2 - 1) ( - 3a: + - 2a: (1 - x^) (4a:* - 1), 

which gives the equation 

16a;® - 8aj^ - 20a:* + 8a;* + 6a: - 1 = 0. 

^ 2ir 4w 8 t 1 

CO8 0 + COS-^ + 0O8-^+0O8~+CO8 ^ 

2t 4ir 6ir Sir 1 

/. C08y + 008-^ + 008 y + OOS-^= - 


2 w 47r 6ir Stt 1 

OOB,jpOOe-^008-^C08g =jg. 


and 

since oosOsl. 

Second solution. 

By quoting the series for cosnd in Chap, xx, §2, p. 320, 

2 cos 93 = (2 cos 3)* - 9 (2 cos 3)’^+ ... + 9 (2 cos 3). 
If cos 93=: 1, 93=:2nir, 

*• ¥’ T* 1“* 

HenoOf if xs2ooa 3, the equation 
^ a:*-9a:^+ ... +9a?*2 

has for its roots the values of 2 cos 3 when 3 has the 9 values 

^ 2ir . 4w. 16ir 
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p “ 8 2pir 

Hence S oos-^=0. 

P-4 2tnr 

/. cobO + 2 S co8^=0, 

p-i y 

2t 4ir 6ir . Sir 1 
cos ^+ 008 — + 008 ^ + 008-^= 

P as 8 2px 

Again 2® n cos = 2. 

••• CO80^n'oOB»^=i,^ 

2ir 4ir 6flr / 1 1 

••• V P = i6- 

since two of the factors are negative and two positive. 

Third solution. 

The required equation is here found by the use of complex numbers. 
Let 2 / = (1, e), 

Hence y»= 1, i£ eiaO,^,^ 

Therefore the equation - 1 = 0, 

i,e. <y~l)(^®+ 2 /’+,.. + l)=0, 

has for its roots the 9 values of (1, 0) corresponding to the 9 values 

. 2ir dw 16ir 

“9 ’ W ** “9" 

of 0. Also the root y = l obviously corresponds to the value ^=0. 


Now let y + ~ = 2a?, 

y 


X = OOB0t 


y® + -a=4a:2-2, y® + -^=8a:®- 6a?, y^+ 16a?®+2. 


Hence the equation 


,2/® + y^+ ... +1=0, 


i... (,4+^) + („,+ 2^) + + (y+i) + l=0. 

becomes 16a?^ + 8a?®~ 12a?®-4a: + l=0, 

which is an equation in x satisfied by cos 0, where 0 has the values 
2^/ 16ir\ 4w/ 14ir\ 6ir / 12ir\ Sir/ 10ir\ 

9 9 “9")' T T V®' "rj* 


OOS-^ + 008 y + 008 -g- + OOS -g- 


OOS^COS-g-OOS^COS-g-^jg. 


and 
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EXERCISE XXiy. d. 

1. (i) Prove that cos cos cos ~ are the roots of the equation 
8x* ~ 4a!^ — 4a: + 1 = 0, 

(ii) Prove that seo^ seo^ sec® ^ are the roots of the equation 

a:3-24a:2 + 80a:-64 = 0. 

(iii) Prove that tan® ^ , tan® tan® ~ are the roots of the equation 


oH*- 21x2 + 360:- 7=0. 


(iv) Prove that 


1 + 2008 ^1+2 008 


1 + 2 cos — 
^ 7 


^ + 1 = 0 . 


(v) Prove that oos oos ^ , cos ^ are the roots of the equation 


8x3 4. 4^2 ~ 4x - 1 =0. 


9. Show that 


.Sir , 2ir . TT . . 5ir . air . IT 1 
sm y + sm y -sm ^=4 smy sin y sin ^ J ^ 7 . 


.Sir . 2ir . 


9. (i) Find a rational integral equation in tan & which is satisfied by tan 
What are the other roots f 

(ii) Prove that tan® ^ tan® y, tan® y satisfy the equation 

«3-21js2+85z-7=0. 

(iii) Hence, or otherwise, show that the roots of the equation 

xS+x® ^/7- 7x+ Ay7=0 

. r . 2ir . 4x 
are tan tan -y , tan y . 

4. Expand In powers of sin® 


Prove that sin® ~ + sin® ~ + sin® ^ , 

14 14 14 4 

and that oot® ^ + cot® + oot® ^ =21. 

14 14 14 

4. Find an equation whose roots are the tangents of ff, 2d, 4d, 60, 70 and 8d, 
where d»20^; hence show that 

(i) tanS0°tan40°tan80°-v^, 

(U) taD>a0<>+ten*40°+tui*80*=88. 


Hit* 
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«. Prove that oos* ^ + ooe* ^ + ooa’ ^ + cos* ^ j • 

7. Prove that a;=:2 cos- is a root of the equation 
a.6_6a^ + 9a.2^1=0, 

and write down the other roots. • 

Hence find the cubic equation whose roots are cos^ ^ , cos^ cos* ~ . 


8 . (i) If o = - , prove that 


seo2 a + sec* 2a + seo^ 4a = 86 = 3 (cosec* a + cosec® 2a + coseo* 4a), 
(ii) Prove that 


tan* ^ + tan® ^ + tan® ~ = 33. 


8 . Prove that tan 10®, tan 70°, tan 130° are the three roots of the equation 
^3 ^ 3^2 _ 3 ^3 a; + 1 == 0. 

2t 

lO. Prove that 2 cos ^ i^oot of the equation 


and show that 


y®+j/4-4t/*-3y® + 3y + 1=0, 


... 2ir ifr Sir , lOw 1 

(l) COS^+COS jj+OOS jj+OOS ^ + 008 j^= - g, 


11 

IP 


11 


11 


11 
9t 1 


.... « 3t Sir 7ir 

(U) COS + cos + cos jj+ cos + cos jj = g . 


IX. Prove that 
18. Prove that: 


p =* 10 n-jf 

2 cosec® ^=40. 
p=-I XI 


/•\ • 9 . . « 3t . «4ir . . ofiT 11 

(i) sin® Yi + sm2Yf + sin® jj + sin2^ + sin2Y[= 

(ii) 32 cos ^ cos ~ cos ^ ^ ^ 

18. Prove that tan® ^ , tan®^, tan® , tan® tan® ^ are the roots of the 


equation 


- 66x* + 330a;* - 462x2 + 165x -11=0. 


Hence find the values of 2 oot®^ and 2 sec*^ 


p-i 


11 


p-i 


11 


2ir 


18. If ^ SB jj, prove that 


008 ®^ + 008 ® 2 $ + 008 ® 8 ^ + 008 ® 4 ^ + 008 ® 5 ^ = - ^ . 
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[EX. XXIV. d 


&6. Prove that 


9»12 17ir 

S 8€02?J = 168. 


16. Prove that 


P“0 pw 1 


17. Prove that 


*’ 5 * 860 *^= 144 . 
1 17 


18. Prove that 


cosec* ^ + ooseo* + coseo2 ^ + ooeec^ ~ = 48. 



MISCELLANEOUS EXERCISES IV 


1 . 


Show that, if the modulus of z be unity, the 


points reprejenting ^ 


1 + z 


lie on one or other of two perpendicular lines. 


2 . The complex numbers z, , z^ are represented in an Argand diagram by 
a variable point P and fixed points A and B respectively. Prove that thi^ variable 

point P moves on a straight line if log purely real, or (ii) purely 

imaginary. 

What angles do the lines corresponding to (i) and (ii) make with AB? 


3. If cos a + cos /3 + cos 7=0 and sin a + sin + sin 7=0, prove that 
2oosna=0 and 2Bmna=0, 
provided n is an integer prime to 3. 


4 , If cos d = ~ , prove that 

What does this tell us about u? 

^1. If cos (a + 1)9) =exp (t^) , prove that 

sin ^ ± sin* a = ± 8inh*)9. 

3 . If cos (o + i/9) = a? + iy = (r, $) , prove that : 

tan9= -tana tanh/J, 

<“) r>=J(oo8h2^+oo82«). 


7. If .tan 1= tanh where a is acute (positive or negative), prove that 

u=logtan(j+|). 

8. Obtain the values of + each in the form a + ib, where a and b are 
real. 


3 . Express oosh~^ (cos a; + i sin a;) in the form A + iB, when x is acute. 

10. Prove that - J log - is a value of Tan“i ( t - — . 

2 ®a? \ a?+a/ 
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2 tan“i - 

11. Prove that, if a + i6 = then - = , — • 

^ X log(a 2 + 62 ) 

1 a. If log sin (^ + 1 <^) =s a + 1]9, prove that =; cosh 2<p - cos 20. 

18 . If sin {x + iy) sin (a + ip) = 1, show that 

. ^ sina: j x r. « cos a? 

tan a= ± r — and tanh /3= =f: -r — . 

sinh y -r QQgjj y 

14 , Taking cos x to be defined by the exponential expression for it, prove 
that oosa;=:0 for a real positive value of x which is less than 1*6. 

15 , If ^ + lY = cosh""^ ^ ^ ^ yggj y coordinates 

of a real point, find the curves 0:=:a constant, ^=a constant. 

18 . If sin (^ + irf) = k sin a;, when k>l, find how | and rj vary as x varies 
from 0 to IT. 

17 , Show that the values of P can be arranged so that they form a geometrical 
progression. 


l-B. Prove that the numerical value of — sin x is always less than unity when 

X is real and finite, and that the numerical value of ^ sinh x is always greater 
than unity under the same conditions. 

Hence show that the equation tan where a is real, cannot be satisfied by 
any complex quantity whose real and imaginary parts are both finite, « 

18 . Prove that the roots of the equation ( 1 + «)**= are the values 

of i tan ~ , where r may have all integral values from 0 to (n ~ 1), omitting 5 if 
w 2 

n is even. 

ao. Determine the roots of the equation 1)»» and show that, if the 

points representing the roots are marked in an Argand diagram, then these 
points are collinear. 


ai. Prove that, if h and k are small: 

... sin (a; + h) -sin a? h ... 

tan (a? + A) -tan a? h . 

<") + -U^nx = * 

r ogco.(„.HX)-logooaa: = k 

What signifloanoe have these results in theoomplling of tables? 
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22 . Evaluate 


X ainy-y sina? 
xQOsy -yoo^x* 


28. Verify the following construction for finding approximately the length of 
an arc AB of a circle when the chord AB is less than half the radius. Join BA 
and produce it to D making AD = \ AB. With centre D and radius DB describe 
the arc BC cutting at C the tangent AC to the arc at A. Then Ahe length of the 
arc AB = AC. 


24. Prove that — ; — ^ -1) (afi- ~ 1) , where x=z2 cos 0. 

sin d ' ' ' 

25. Prove that ^^--5 = + 2x + 1)*, where x=2 cos 0. 

1 + cos 0 ^ 

28. Prove that ^ ^ ia the square of a rational function of cosd and 

1 + cos d 

find*this function. 


27. Sum to n terms 


oos 2x 
sin Bx 


oos 6a? 

j. + 

sin 9a? 


008 18a? 
sin 27^ 


28. Prove that tan“i = tan~^ ^--4 ~ tan“i , 

2/1-2 + 4 n+2 n+1 

Hence find the sum to n terms of the series 

tan-i J +tan--i J + tan“i^ + tan”*i ^ + ... , 


28. Sum to n terms 

tan^d + 4 tan2 2d + 42tan2 22^ + ,.. . 

80. Sum to n terms 

0 0 0 0 0 0 
cosh ^+2 cosh 2 cosh ^ + ... + cosh ~ cosh^ ... cosh ^ . 


81 . Find the sum of the series 

oos a -Cl 008 (a + 6 ) + ca oos (a + 26) ~ C 3 oos (a + 36) + ...+(- 1)“ cos (a + nb) , 
where 1, ... , 1 are the coefl&oients in the expansion of (1 + «)**. 

82 . If 8= wcsind + ^^-^^^^c*8in2^ + ...tontermB 

and C = l+.nc oos COB 2d + ... to (n+1) terms, ’ 

prove that 8 * 2 + C* = (1 + 2c oos ^ + 

88 . In any triangle, prove that, when n is a positive integer, 
c’*=a*‘ oos nB +na**”^6 oos (n - 1 B - A) + oos (n - 2 B - 2A)+ ... . 
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84. Prove that, if n is an even integer, 

2air , 2(a+c)ir (n-l)(n-2) 2(a + 2c)T 

OCJ (w - 1) COB ^ + r^r ^COB — ^ ... 

nc ' ' nc 1.2 nc 

/ iv.. 1 2(a+nc-c)ir , i/ . . (2a-c)ir 

+ (- cos — i = (- 1)2 2»“i ( sin - ) sin-i — 

' ^ TIC \ w/ nc 

85. Sum the ‘series : 


(i) WCOShm- ^ v; — C08h2u+... , 

(ii) sinh u + n sinh 2w + ^ sinb 3 m + .. . . 

1 . A 

86 . Find 8,,= sin x + sin 2x + sin 3:r + . . . to n terms, and prove that 

T i. 8i 4- Sj + . . . + T 2 

Lt — = ^ cot 

n — >■<» n 

87. Sum the series 

^+(n“l)cos d + (n-2)cos2^+ ... +cos(n-l)^. 
w 1 

Prove that it 0=- the limiting value of —.times the sum of the series, as n 
n n* 

2 

approaches infinity, is ^ . 

88 . Find » the sum to n terms of the series cos 9 ~ cos + oos 5d - . . . , and 
show that, if - Jir<d<^T, is positive and less then 

Prove also that, for such values of d, the sum of n terms of the series 


sintf- J 8m3d+-J-sin65- ... is 


89. Prove that 

. . IT . . 2ir . . 4 mt 3n + 4 

sin^j^+sin^ »- + ... + 810*5-= —5 — . 

2n 2n 2 m 8 

40. Sum to n terms 

1® 008 0-22 009 2a + 32 COB 3a - . 

41. Sum the series 

, 1 .2Bin- + 2 .3 sin — + ... +(n— l)n sin 

n n n 

48. If P=*^i*co8eo2*»+*^ and Q=^S* tan 2i»“^^ sec 2**^, 

p-»o p—O 


8 P - Q=oot^+ oot ^ - oot 2^0 - oot 


prove that 
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48. Sum to n terms 


log ^a;2 - 2x cos ~ 


6 + 2ir ^ ^ 
COB + 1 


+ log ^a;2- 


2x cos + 1 




44. Sum to n terms the series whose rth term is i 

, /cos 2r$ + sin d\ 

^°®\oos2rd-sin^;* 

45. If n be eveU) prove that 

tan ^ + tan + “^cot n^. 

46. Express cos n6 sec^ ^ in a series of ascending powers of tan 6^ where n is 
a positive integer. 

47. Find the coefficient of in the expansion of (l + Xaj+a:®)**, where n is a 
positive integer; and, if X=2 cos d, deduce that 

Co* + Ci2 cos 2d + cos 4l 0+ ...+c^ cos 2wd 

^f(2 0O8tf)« , (2008 9)“-* , (2008 9)“-* , 1 

= |«co8«9 ^ + it:2» |»--: 4+ 

where the indices of cos d are positive numbers or zero and 
(1 + a;)" = Co + Cj a? + Cg a?2 + . . . + 

48. Prove that 

sin n$ _ cosnd cos (n - 1) d cos $ 

sind ” cosd ^ coPd ^”*^oos”d 

= cos (n - 1) d + cos (w - 2) d cos d + . . . + cos d cos’^”* d + cos’* d. 

49. Sum to n terms the series whose rth term is 

, r(r + l) , (r+l)(r+2) . 

sin— L - — t a sin ^ ^ a sin (r + 1) a. 

2 2 

50. Sum to n terms the series whose rth term is 

cot (r+1) d 

1- oos*(r+l)dBeo2d’ 

51. Sum to n terms the series whose rth term is 

sin a sin ra 


58. Prove that 


29ftan2ad 


(cos a -f cos ra)** 
1 


8i»29 r-lgt^.(ar-l)x ^^- 
4n 
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58 . Prove that 


a; 2 n _ 2x^ COB + 1 ~ n sin n6 r-o 


x^ - 2a! cos 




54 . Show that 


2n8ecn0=2 




where r has the values 1, 5, 9, ...» 4n - 3. 

55 . Show that, if 0 < m < n and (m+n) is odd, 

sinmx l***"-!^ . mrir f rirN 

sinnx n r-o w \ *^/ 

58 . The oircumferenoe of a given circle of radius r is divided into n equal 
parts at Aq, A^, A 2 , ... , A^.^; if the distances from Ao of the points A^, A^, ... , 
An-i denoted by ai, 02 , ... > ^n-i* sbow that 

Or^a^ + 02^3 + . . . + a^^2^n-l = 008 ^ , 

57. Prove that the sum of the squares of the reciprocals of the lines joining 

— 1 

one vertex of a regular polygon of n sides to the other (n ~ 1) vertices is » 
where r is the radius of the circumscribing circle. 

58. A regular polygon of n sides is inscribed in a circle of radius r ; prove that 
the sum of the reciprocals of the distances of the angular points of the polygon 

from a tangent to the circle is ^ cosec^ - 0 , where 0 is the angle which a radius 

drawn to the point of contact of the tangent makes with the radius drawn to 
one of the angular points of the polygon. 


58 . Find the first three terms of the series, in ascending powers of x, for tan x. 
Hence find the first three terms of the series for sec^ x, 

Oheck by finding the series for sec x from the seri^ for cos x^ and hence the 
series for sec^x. 

80 . Prove that, when xss tan 20 and 0 lies between - ^ and ^ , 

* ^ X x^ \ 

and that, if powers of x above the fifth are neglected, 
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dl. Prove that, when x ia real, 

X7 a;18 

62. Sum the series y 13 “ 

63. Prove that the coefficient of in the expansion of e^coSo; in ascending 

n 

, . 22 Tlir 

powers of a; 18 cos . 

« d 1 3^ 1 5^ . ... 

64. Sum cos 2 2 ^ ”2* ^ 

65a If a=oos2d- Joos®doos3d+^oo8®dcos6d-...adir^n., 
prove that tan 2a = 2 cot^ $, 

66 . Prove that d is the sum of a constant and one of the two series 

tan^- Jtan3d + ^tan®d- ..., 
or -ootd + Jcot^d-^cot^d- ... , 

distinguishing the oases. 

67. If X is an acute angle and if y =log tan » prove that 

cosarcoshy = 1, 

and that ^y = sin a: - ^ sin 3®+ ^ sin 6a? - ... . 

68. Sum the series (assuming them to be convergent) : 

(i) Binhu + sinh2w + j— ^-gSinh3u+ ..., 

(ii) coshti- ^ cosh2u+^cosh3w- ... , 

68. Sum to infinity the series 

^s^-^-oos^d+ioosS^- .... 

li 1® 

70. Find the sum of the series 

2^0 
^ sin 2x ~ 3 —= sin 4a; +■=— = sin 6a; - ... 

. 1.0 0.0 0,1 

for all values of x between 0 and tt. 

7X. Prove that the coefficient of in the expansion of (1 + is 
(a; - 2 oos.a) (a; - 2 cos 2a) (a? - 2 cos 3a) ... (a; - 2 cos n - X a), 

where a = ~ . 

n 
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72 . Expand j — 4- 1 ^ ascending powers of aj, and prove that the 

. j ^ ^ /Binn+l^-a:sinn0\ 

remainder after n terms is ( — ; — — r-; — 5 “ I • 

\ 1 - 2a; cos <f> + x^ J 

78 . Prove that .j — - ;r may be expanded into an infinite series 

1 + sin 2X cos ^ 

sec 2X j^l + 2** S (- l)**tan’*Xoo8n^J. 

74 . Show that 

log^l- j-^^oosa;j= - ... 

_ , _ cos 2a; _ /c* cos 8a; 

-2Ajoosa;-2 2 .... 

75. If tan (^ + a) = tan a sec 2p, 

prove that $ = tan^ p sin 2a + J tan^ /3 sin 4a + ^ tan* j8 sin 6a -i- . . . . 


78 . Prove that 


1 1, IT 1. ir.l. ir, jf.- 

-= ^tan^ + g tan g + tan Jg + ...ad injin. 


77. Sum the series S { (3r - 1)“^ + (3r + 1)“^} . 

r=»l 

78 . Show that the sum of the rth powers of the first n odd integers, when r 
is a positive integer, is the coefficient of ^in the expansion of 

78 . Prove that, when «*<!, 

log(^+ Vr+P) + sin->a:=2 ¥ + • i ' 

80 . The roots of the equation x^ - 2bx + c = 0 are imaginary and an angle a is 
defined by the equation cos^ a; prove that 

n* » 2 

log (1 - 2hy + cp2) = - S - sec^a cos na. 

n = l W 

81 . If y = logtan + |^=saja; + aga:* + afiaH»+..., 


prove that 


aj=ayi-a3p3+a5y5_,,, , 


82 . Prove that the sum of the squares of the moduli of all the values of 

8*r 

which are less than unity is equal to s * cosech 2r. 
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88 . Show that a;!** + 1 = {x^ + 1) - 2a?*oos^ + - 2a;2 oos ^ + 1^ . 

Hence find the numerical value of cos 86*’. 

84 . From the factors of a;^~2a;**oo8n^+l, find the real quadratic factors 


85 . Find the value of sin a sin 3a sin 5a .. . sin (2n ~ 1) a, where 4na=: r. 

86 . Prove that, when n is odd, cot ~ cot^ cot ^ ... cot 

zn In £n Zn 

find the value of cot ^ cot ^ cot ™ ... cot - , when n is even. 

2n 2n 2n 2n 

87 . Find the value of cot a cot 3a cot 6a . . . cot (2n + 1) a, where 4 (n + 1) a = t. 

88 . Prove that 

sinn(a- /3) = (-l)»*“ico8»*asinn + II jtan a - tan ^/3 + . 

86 . Prove that 

"n" Ti ^ n sinir(a~ag) {cosh (ya? >^3) ~ costt (2a-f a?)} 
n«-ooL ^(n-a)^J”‘ 2 sin* ira 

60 . Taking the infinite product forms as definitions of sin 0 and cos 0, prove 
that they are periodic. 

61. If n is odd, show that sin nd + cos n$ is divisible either by sin ^ + cos ^ or 
by sin 0 - cos 0, 


68 . Show that cos : 




68 . Show that 4 oos^ y is a root of the equation - 6a?* + 6a? - 1 = 0, and find 

the other roots. 

64 . Prove that the roots of the equation a?* - 21a?* + 35a? - 7=0 are 

tan* ^ , tan* ~ , tan* ^ . 

7* 7 ’ 7 

65 . Express a?^ 1 as the product of linear factors. 

If y , show that the product of 

exp (2^*) + exp (45<) + exp {S0i) and exp {Q0i) + exp (lO^i) + exp (12^*) 
is 2; and that siny + siny +8iny =:^\/7. 
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• 6 . If r = cos a sin where a = r -f r®, ys 4. are roots 

oi a oubio with real integral coefficients. 

•7. Show how to find the equation + «a:c*^”24- 4.a„=s0 which is 

kw 

satisfied by ics=tan2^-^ , where k is any integer. 

Prove that the roots of a;3 4. ^2 _ 2a? - 1 =0 are 2 cos ^ , 2 cos ~ , 2 cos ^ . 

98 . Show that tan J + tan ^ + tan ^ = 3 s/3, 

a u 

27r 4tir 

99 . Show that the equation whose roots are cos , cos , cos is 

y y VI 

8»»-6a! + l=0. 

100. Prove that tan^ 20°, tan’ 40°, tan’ 80° are roots of the equation 

83*’ +27® -3=0. 


« 2ir 6»r ISir „ lOir 14)r 22ir 

101 . If O=00S Jg+OOS Jg+OOS-J^, /S=OOS-Jg +0O8 -Jg +OOS 


show 


that a, jS are roots of the equation 4ai‘+2x-Z=0. Hence evaluate a and jS. 


20 a. If a =:^ , prove that 
xo 

008 2a + cos 4a + qos 8a + cos 16a = ^ , 
sin 2a + sin4a + sin 8a + sin 16a= 

a 

108. Prove that 2 cos 5^ + 1 is divisible by 2 cos ^ + 1. Find the quotient and 
employ the result to show that sec212®+seo2 24° + seo®48° + Bec2 96°=96. 

16 

104. Prove that S cosec* = 96. 

r-l ay 

Sum to (n+1) terms 

TT Sir Sir 

oosec® -j -. — — + coseo® rr + oosec^ + . . . 

4(n-i'l) 4 (n + 1) 4 (n+1) 

2ir 

109. liwsz 008 8d + 008 30 + 008 3d + cos 70 f where ^ f prove tha!* 

— 


4 
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106 . Find the relation between p, r if two values of $ satisfying the 
equation p sin 0-\-q cos ^ = r sin 0 oos d differ by ^ . 

107 . Show that the equation sin (^ + \) =a sin 20 + h has four roots a, 7 , d 
such that their sum is an odd multiple of two right angles. 

108 . Show that the equation cos (2^ - a) = A; cos (0 - p) can be^atisfied by four 
values, 01 , ^ 2 t ^ 3 » ^41 of of which no two differ by a multiple of 27r, and by no 
more. 

Show also that + ^2 + ^3 + ^4 2 a = 2nr. 

109 . Prove that, if the equation cos 20 sec 2x - sin 20 cosec 2x=%^ - is 
satisfied by values a, 7 such that no one of them differs from another, or from 
0, by a multiple of tt, 

tan (a+/3 + 7 ) + tanatanj 3 tan 7 = 0, 
and that, if — 2a^, tan^ a = tan^ ^ = tan^ 7 = - cot 0, 

110. If xi, X 2 t xzi are the roots of the equation 

- x^ sin 2/3 + x^ oos 2/3 -x cos /3 - sin 0, 

prove that 2 tan~' Xi-h/3 = n7r + ^, where n is an integer. 

la 

111 . Prove that the equation sin3^=psin ^ + g cos^ + r has six roots, the 
sum of which is an odd multiple of tt. 

112 . Show that, for six values of 0 which satisfy the equation sin S0 = c and 
do not differ by multiples of tt, 2 sin2d=3. 

113 . If tan a, tan/3, tan 7 are all different and such that 

tan 3a = tan 3/3 = tan 37 , 

then (tan a + tan /3 + tan 7 ) (cot a + cot /S + cot 7 ) = 9. 

Generalise the theorem to the case of ( 2 n+l) angles a, /3, ... , X. 


If «, = (2oos«)<--(r-l)(2oos?)'-2 + ^?^-4^^4-^(2oosd)*^*-..., 

1 . A 

prove that w,. - 2 oos 0 + Uy _2 = 0 , 


116 . Prove that the product of the n factors 


(1 + sec 2a) (1 + sec 2^a ) ... (1 + sec 2*‘a) is 


tan2”a 
tan a 


116 . Prove that the product of the n factors 

(2 cos a - 1) (2 008 2a - 1) (2 cos 22a — 1) ... (2 cos 2'^-^a - 1) is . 

V ' ^ ' '2 cos a + 1 

16 


S H T 
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117. Prove that the prodact of the n factors 


(008| + 008|) (OOSI+OOS^) (o08| + C08|j ... (oOS^+OOS^^ 


1 008 a - 008 j 3 
^ a a' 


118. Prove, without forming an equation, that if a=: ^ , 


118. Prove that 


16 008 a cos 2a cos 3a cos 4a = 1. 


- ^ . IT . 7x . Htt . IVtt , 


lao. If X, y, z are real and A + B + C = ir, prove that 

+ 1 /^ + > 2yz cos A + 2zx cos B + 2xy cos C, 

unless X ly \ z = sin A : sin B : sin C. 

la 1 . If a;2 4 - 1/2 + _ 2yz cos A - 2zx cos B - 2xy cos C = 0, then the only real 

values of a?, y, z are given by a; : i/ : i; =8in A : sin B : sin C. 

laa. Prove that in any triangle 
c2 cos2 C cos^ 2C = cos^ A cos^ 2 A -f- cos^ B cos* 2 B 

+ 2a& cos A cos B cos 2A cos 2B cos 4C. 


133. If A, B, C are the angles of a triangle, show that 
-1 oosC cosB = 0 , 

cos C - 1 cos A 
cos B cos A - 1 

and, by expanding the determinant, prove that 

cos* A + cos* B + cos* C + 2 cos A cos B cos C = 1. 

[Use asbcosC + ccosB.] 

134. If A, B, C, D be the angles of a quadrilateral, prove that 

1 - cos A cos (A + B) - cos D =0. 

-cos A 1 -cosB cos(B + C) 

cos(A + B) -oosB 1 -oosC 

-cosD cos(B-f-C) -cosC 1 

135. If 1 cos a; 0 0 =0, 

cos a; 1 QOS a cosjS 

0 cos a 1 00S7 

0 oos/3 COS 7 1 

sin *7 »in^«= oos*a + cos* - ^Cos a cos cos 7 . 


show that 
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126 . Show that 1 cos 9 cos 2^ =0. 

oos 6 ' cos 2$ cos 3^ 
cos 26 cos %d oos 4^ 

127 . Show that 1 cos^ cos 2^ cos 39 =0. 

oos 6 oos 29 oos 39* cos 49 
oos 29 oos 39 oos 49 oos 59 
cos 39 cos 49 cos 59 oos 69 

Show also that each of the first minors of this determinant is zero. 

128 . Show that 

sin (a + x) sin (a + y) sin (a + «) = 0 . 
sin(j3 + a;) sin(fi + y) Bin(/3+z) 
sin (7 + a;) sin (7 + y) sin (7 + «) 

[Express as the product of two determinants.] 

Show that, if a + ^ + 7 + a; + y + «=s0, the determinant with “tan** written for 
“sin” also vanishes. 

120 . If A, B, C are the angles of a triangle, prove that 
sin 2 A sinC sinB =0. 
sin C sin 2B sin A 
sin B sin A sin 2C 

180 . Prove that, if 1 -cosz -cost/ =0, 

- cos Z 1 COB X 

- oos y - cos X 1 

then x^y^z = {2n + 1) ir. 

181 . If A + B + C = 9r, show that tan A, tan B and tan C are roots of an 
equation t^-pt'^+qt-'p=0. Hence show that 

1 cot® A cot A oosec^A =0. 

1 cot® B cot B ooseo® B 
1 cot® C cot C ooseo® C 



132. Show that, if a, p, 7 are all positive and each less than ~ , the determinant 

sin‘ a cot a 1 
8in®/3 cotjd 1 
sin® 7 cot 7 1 

can vanish only if two of the angles are equal. 



26-0 
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133. Show that 

siu2 a sin2 2a sin^ 3a 
cos2 a coa2 2a cos^ 3a 
C0B2 2a cos2 3a cos2 4a 


- sin2a8iii2 2a. 


134. Prove that the sum of the two determinants 


1 

1 

1 

and 

1 

1 

1 

sin A 

sin B 

sin C 


cos A 

cosB 

cosC 

sin 2A 

sin2B 

sin 2C 


COS 2A 

cos2B 

cos 20 


is 2 S sip A S sin (B “ C). 


136. Show that 


sin 2a cos a 
sin 2j3 cos p 
sin 2y cos y 


sin a 
Binp 
sin y 


= - 4 sin 


P-y 

2 


. 7- a . 

Sin sin 

A 


2 


X {sin (^ + 7 ) + sin (7 + a) + sin (a-f /9)}. 


136. If 


sin 2a cos a sin a 
sin 2/9 cos/9 sin/9 
sin 27 cos 7 sin 7 
sin 23 cos 5 sin 3 


1 

1 

1 

1 


=0, 


and if a, p, 7, 3 are different positive angles each less than 27r, show that 


a + /94-7-f3= WTT, 

where n is an odd integer. 


137. Prove that 


cos 6 sin 0 cos ^ 
-> sin 0 cos 0 cos 0 
0 - sin ^ sin 0 

0 0 


sin 0 sin 0 cos 0 
cos 0 sin 0 cos 0 
sin 0 cos 0COS 0 
- sin 0 sin 0 sin 0 


sin 0 sin 0 sin 0 
cos 0 sin 0 sin 0 
sin 0 cos 0 sin 0 
sin 0 sin 0 cos 0 


= sin* 0 sin 0. 


138. Prove that 


COB 0 1 0 

1 2 cos ^ 1 

0 1 2cos& 

0 0 


0 

0 

1 


= COS n0, 


1 2 cos ^ 1 

0X2 cos 0 


if the determinant is of the nth order. 
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292 . 3 . Seep. 256 (iv) 


EXERCISE XVII. a. 

3 tanh u + tanh^ u 


1 + 3 tanh2 u 


293 . 4 . (i) sin a; oosh ^ + 1 oos sinh 

(iii) cosh X cos y-\-i sinh x sin y. 

2 cos X cosh 1 / + 2i sin x sinh y 
cos 2a; + cosh 2i/ 


(v) 


. ... sinh 2a; + i sin 2y 
' ' cosh 2a; + cos 22 / 


(ii) cos X cosh y-\-i sin x siph y. 
(iv) sinh x cos y + i cosh x sin y. 


(vi) 


2 sinh X cos y -2i cosh x sin y 
cosh 2a; ~ cos 2y 


EXERCISE XVII. b. 

/ 0 d\ / 6 6\ 

297. 10. sin"i I cos ~ - sin - j + i cosh”^ I cos ^ + sin ^ j • 

11. OOS-I J {v/(l + 0)2 + /Si! - n/( 1 - a)2 + /S* } 

=F008h-+ { V(1 + a)* + jS® + V(1 - “)“ + /»*} 

the upper or lower sign being taken according as p is positive or negative. 


EXERCISE XVII. c. 

301 . 1 , (i) 2mri. (ii) log a + i (2n + 1 ) tt. (iii) i(2n + J)ir. 

302 . 8. J log j 2n7r + tan”^ (cot x tanh y ) } , 

if cot a; tanh y is positive; 

or • J log cos 2a; ^ .j. ij ^ 4. tan~^ (cot x tanh y ) } , 

if cot X tanh y is negative. 

10, ( 1 , ^ logar2 + ya) ^2nir - tan“i , when x is positive; 

or (1, J log x'^+y^) exp ^2n + lir - tan"*^^^ , when x is negative. 
/ 4n + l \ / /o 4« + l9r 4n + lw\ 

11. (1, — {^2cos -3-, 
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313 . 


314 . 
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EXERGISB XIX. a. 


1. (i) 


Bind 


(ii) 


4 COB 9-2 


008 * 9 ’ 

. X sin 9 

l_ 2 a;cos^ 4 -J:^* 
fvH l-gQOBha 
^ ' l-2®cosho+a!»’ 


(iii) 


6 sin 9 


&-4oob9' 5-8oob2G* 

/ \ QOS a-x cos (g - fi) 

1 - 2a; cos p+ 

xce^ and < «“*. 


2. (i) (l + 2a:cos«+®«)« 


(ii) ^ -sin^^-iy (iii) -1 + -P oob|(t-0 ). 

V2«“l ^ ^ (2 Bin 2 ) 

(iv) ^2 008 I sin I . 

(v) COB where r*=l- 2a; cos (p = tan~^ - - , 

^ I* o A “ a; cos V 

3. (i) e"®®** sin (sin a;). (ii) e*®<«*sin (a;Bina). 

(iii) cos (x sin 9), (iv) eco»«cos (9 + sin a). 


(V) 


. ecoa 


9 

2 008 


(« + sin|) 


, 0 
+ i cos 


(«-sin§). 


. .X X , f ^ . 9\ ....V ^ , a sin a; 

4 . (i) o • ( 11 ) ~ log ( 2 sin 5 j . (ill) tan-i r-- . 

'^2 \ 2 / '' 1 + aoosa; 

(iv) (o) ^ log (cot 1 ) , (6) i log ( - cot 1 ) , 


5. 

8 . 


x sinha 


l-2a; cosha + a;*’ 

1 

2 » 2 cot ^ + cot* 9 ’ 


a;<c® and <s“®. 6. 0. 

9, cos (a + sin j8 00 s /S). 


7. 


cos*^ 
sin^ ' 


. f ^ ^ , a; sin 2^ \ 

10. (l-2a;ooB2^+a;-*) 2 sinf ^ + ntan~i 1 - g cos 2d ) * 

n wain a; 

l + 2 wooBa; + ir*' 

12 . iBii»{a-/S)log(l+2«oo8/S+a^‘)+oo8(o-P)tan-' 

13. «**^"*®®** cos (a; sin* a), 14. e**"^ooB (tan^sind). 


15. Js®®'^oos(a~/S+8in/3) ~^e-'®®*^oos(a-/J-sin/S). 16. \ - 

17. 2 cos 2^. 
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xli 


31 4. 18, (1 + 2x cos d + a;®) * cos (a + n0), where ^ = tan"^ ^ . 

l + x cos 0 

19. -Jlog2-Jlog(coso~oos/J). 20. h + 

21. 0 between inw and (4n + 2)ir. 

EXERCISE XIX. b. 

316. 1, sin* 2a. 2. ^coseo2a~^. 3. J (a -sin a). 


4 , jBin 2 d-d. 5 . 

cos a-x cos (g - /3) 

' 1 - 2a; cos /3 + a:2 * 

^ (w + l)coswd-nco8(w4-l)^-l 
2 ( 1 - 008 ^) * 


cos d-x 
1 - 2ar cos 6 + 
sin g - a; sin (a - p) 

1 -2a;cos/S + a:2 


10. 4cosec*a;- 


EXERGISE XIX. c. 

e 1 * 2 a Bind tt it 

316. 5. jj -j. 

317. 10. sin (a; + sin 1 / cos y), 

12. ilog( ±oosecg), according as coseoa is positive or negative. 

13. sin**p sin ^a; + ny - . 

14. n^+2pir, when — is positive; or n^+T + 2^T, when it is 

sin t9 

negative; p being chosen so that the angle is between 

15. sin (sin 0 cos 6) cosh (cos^ $)* 


17 . (0 


m (M) 


2 sin^ ^ - sin $ log 


(a sin?). 


31 8. 22. ^ cosh (cos 0) cos (sin 0) - ^ cos (cos 0) cosh (sin 0). 

24. ^ (cos^g) cos (sin a cos a) - ^ sin (oos^a) oosh (sin a oos a). 


EXERCISE XXI. a. 

332. 1. (i) 0-0998, 0-9950. (ii) 0-4794. 0-8776. 

2. 4® 20'. 3. 1059 '. 4 . 1°9'. 5 . 88® 51-2 (4)'. 

^ w la;» 1.3aH» „ Ixfi 

2 3 2.4 5 ^“2 8 "^2.4 5 •** 
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xlii 

PAOS 

33d. 

334 . 

336 . 

336 . 

339 . 


340 . 

306 . 


1060 * ^ i ^ 

19. (i)l. (ii) 8. (iy)0. (v) 

20 . - 1 . 21 . 0 . 


EXERCISE XXI. b. 


l.f + ? + 5.sJ^. 


7. ^tan- 


j 2a: cos 0 
1 - 


EXERCISE XXI. c. 

1, - 2 [a? cos cos 29 cos 3^ + . . .]. 

2, (i) 1 - a; cos ^ + a;2QQg 2^ _ , 

(ii) 2 {x cos d-\-x^ sin 20 - cos 3^ - x^ sin 4^ + . . . } . 

(iii) 1 + 2ar cos 0 -H 2x^ cos 2^ + . . . , 


(iv) 1 + x 


sin 20 
sin 0 




. sin BO 
sin 0 


+ .... 


. - a?C08^ a;* cos 2^ 

4. (i) 1 + --Tr-+ rs— +...• 


(ii) 1 + 


\1 ' Ii 

xr cos 0 cos 20 


where a + i6 = (r, 0), 


li li ‘ 

6. 8in^ + J 8in*^ + ^sin®^-|- 

e. 2(-tani!|- 

7. -•^tan*^ + J tan^^~ Jtan®^+ ... . 

11. rsin^ + ^r®Bin2^+ sin3^+ 

12. y cos sin. 2a - J cos 3a + sin 4a + . . . . 

0:2^008^ a;^2^oos~ a;^2'?cos-^ 

20. 1 + ^^ — M * To J rs — -+.... 


11 


11 


EXERCISE XXII. 1>. 

1. (i) See § 4. (ii) See § 8. 

2, {i)~~(iv) See § 7. (v) ^5* J^a;* - 2a; cos + 1^ . 
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xliii 


366. 3. (a) (i) (ii) See §3. (iii) (iv) See §2. 

(v) 23*^11 l^ooshw-cos . (vi) 2* ^coshM-cos — j . 

(&) (i) (ii) See § 11. (iii) (iv) See § 10. 

, , sinh^wX /- sinh^wX 


, , sinh^wX /- sinh^wX 

, sinh^t^X /, sinh^M 

(V» 6/1 + -— Ul + -^ 


4. (i) ^5;[x»-2xcos(^ + ?|i:) + l]. 

+ ni- 

elli) ”3 ‘ - 2x cos j + 1^ . 5. See §§ 5, 6. 

6. (i) 4 (sin o - sin jS) (sin o - sin ^ - 18^ (sin « - • 

(ii) 8^n [cos(|-a)-cos(|-/*+f)]. 

7, (i) («^ - a^) n j^a;* - 2ax cos^ + . 

(ii) (ar - a) ^11 j^aj^ - 2aa; cos • 

(iv) (x 4- a) - 2aa; cos ’ 

367. 12. (n) cosn^. (v) 2 a sin ^ sm — ... am - = 1. 

1 ^ 5ir 4n~3 IT . nir 

13. 2»‘~icos ^co8~ ... cos — = (-l)"cos-^. 

2n 2n 2n ' 2, 


EXERCISE XXII. o. 


®«0- 16- el^TT) + 


2 ^1 - ar cos 2^1 + a;cos^^ 

6 ^a?®- 2a: cos ^ + 1^ 6 ^a:^ + 2a? cos ~ + 1^ 
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xcosfn-l 6 -a 
17 (i) ^“1’^ V !LZ_ 


"® na"”^ - 2aa; cos + ®*|- 

j;~acos(d + — ) 

(ii) ' V ” / . 

a:*-2<M;oos + 

1 = _B. 

(tan>?I-tan*^) 


24. A =— ^ ^ ^=-B. 

10(tan>il-tan*^) 


1 . J cogeo’* I . 


EXERCISE XXIII. c. 

3. I ooth|-i. 

1^ ir^ ^r’* IT* 

L2. £2 . 13. -g + gj, . 

EXERCISE XXIV. a. 


16. ^-3. 


1. 2-196, 2 cosh ^0-439 + 2 cosh ^0-439 + . 

2. 1-622, ?^oo8h ^0-777 , ^oosh (o-777+^^ . 

3. 0-696, 2sinh ^0-294+^i^, 2sinh^0-294+~y 

4. - 1-431, - ^ cosh ^0-679 + ^ cosh ^0-679 + ^) • 


EXERCISE XXIV. d. 


3. t*-21t<+36t»-7=0. 


. 2ir , dir 6t 

tany,tan^,...,tany. 


4. l-24sm*fl+808in‘9-64sin®9. 


6. ««-83t* + 27«*-3=0. 


7. 2 oog^ , 1)=2, 4, 6, 7, 8. 64!;» - 96g*-f36* -1=0. 13. 16, 60. 


MISCELLANEOUS EXERCISES IV 


2. W 0. (ii) 


4. M=(l,±fl). 


5. ±^,y/2oo8 |ooB j+i ,y/ 2 008 1 Bin , if 008 g U -t-To; 

-2 008 1 gin -2coggOOB0 , if oos| is -ve. 
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( X X\ i X x\ 

cos^ + sin^ j , B=2nir±C08-M cos ^-sin- j . 


392. 15. 


c* cosh* 0 ^ c* sinh* 0 * * c* cos* 0 c* sin* 0 




= 1 ; 


jr 


1 . 


16. As X changes from 0 to sin~^ k* ^ ^ increases from 0 to 

“TT 11^ 

^ ; while x changes from sin“^ - to ir - sin”^ - , ^ = 5 and i;=cosh“i (k sin a;) ; as 

A K K 

1 IT 

X changes from ir - sin~^ ^ decreases from ^ to 0. 


17. 20. -J-iJcot^, i> = l, 2,3....1)-1. 

393. 22. tan (a;- tan^^a;). 

26, [32 cos® d - 16 cos^ 0-32 cos® 0 + 12 cos* 0 + 6 cos 0 - 1]*. 

371 

27. i {cosec X - cosec 3»a;}. 28. tan~i . 

^ n + o 

4n_i 

29. 2*** cosec* 2’‘0- cosec* 0 5— . 

30. J sinh e ^ooth - ooth 31. 2“ sin" | cos + ^ - . 


394. 35. (i) 2" oosli" 5 cosh ^ - 1. (ii) 2" cosh" ^ sinh 

A 22 A !is 


sin* 710/2 
2 sin* 0/2* 

40. ( - 1)**"^^ J sec* ^ |(7i + 1)* cos na + n* cos (n + 1) a - cos (n + J) a sec 


41. 


coS7r/27i 7i(n + l) u 
~ 2 sin® 7r/2n 2 ^ * 


1 / **.. o « /» . 44 1 cos (n + 1)0 + sin 710 

396. 43. log(a;*»*- 2x»*oos0 + l). 44, log J : r. 

® cos (n+ 1 ) 0 -Bin 710 

46, l-n^2tan*0 + ^C4tan^0- ... . 

47 . + n-1 ^1 ^n-l + n-2^a 0»-a + . • • • 

49. I (sin Tia sin (n + 3 ) a cosec a + sin 2 a - sin (ti + 1 ) (ti + 2 ) a} . 
nn QOS 0 sin n 0 sin (ti + 3 ) 0 

4 sin ®0 sin (w+ 1 ) 0 sin (ti + 2 ) 0 ‘ 

61 . ^ | 8 eo*^ + seo 2 ^— a-seo 2 ^-l| . 


396. 69. tanx=a?+ seo2x=l + a;2 + Jx*. 

397. 62. {tan-ix+w*tan~^wa5+wtan"‘iw2x}, where w2=l. 
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397. 64. 


2 cos $12 
6-4 cos $ * 


68. (i) (sinhu). 

69. sin (cos $) cosh (sin $), 



70. 

398. 77. 

399. 8C. 


:f j COS ar, according as cos a; is + ve or - ve. 

_ 14 . —Tr\ 

^729 

. 84. See Chap. XXIl, §6, p. 346. 

4 


86. 1. 87. 1. 

93. 4cos2y, 4cos2y. 

400. 96. a:3 + ae2_2a: + l = 0. 101. /S= 

103. 16 cos^ ^ - 8 cos® ^ - 16 cos® ^ 4 - 8 cos ^ + 1. 

401. 106. 2(j?2 4-?2)3=r2(pa-g2)2, 

113. Stan a S cot a = (271 + 1)®. 



4 



sinh:r 



*oo *01 *oa *03 *04 


•07 J *08 *09 


I -0554 

1-0700 

1-2063 

1-2220 

1-3693 

1-3863 

1-5460 

1-5645 

1-7381 

••7583 

1-9477 

1-9697 

2-1768 

2-2008 

2-4276 

2-4540 

2-7027 

2-7317 

3-0049 

3-0367 

3-3372 

3-3722 

3-7028 

3-74«3 

4-1056 

4-1480 

4-5494 

4-5962 

5-0387 

50903 

5-5785 

5-6354 

6-1741 

6-2369 

6-8315 

6*9008 

7-5572 

7-6338 

8-3586 

8-4432 

9-2437 

9-3371 

10-270 

10*324 

II-3OI 

11*415 


m9f'vwmwvu*yj[i\ 


13-812 13-951 
[5-268 15-422 


•00 01 



0*0500 

0-0600 

0*1506 

0-1607 

0*2526 

0-2629 

0-3572 

0-3678 

0-4653 

0-4764 

0*5782 

0-5897 

0*6967 

0*7090 

0-8223 

0-8353 

0*9561 

0-9700 

I -0995 

1-1144 

1-2539 

1*2700 

1*4208 

1*4382 

1*6019 

1*6209 

I-799I 

1-8198 

2-0143 

2-0369 

2-2496 

2-2743 

2-5075 

2-5346 

2-7904 

2-8202 

3-1013 

3-1340 

3-4432 

3.4792 

3-8196 

3-8593 

I 4-2342 

4-2779 

f 4-6913 

4-7394 

; 5-1951 

5-2483 

1 5-7510 

5-8097 

i 6-3645 

6-4293 

1 7-0417 

7-1132 

! 7-7894 
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INDEX, FORMULAE, etc. 


Absolute convergence 304 
Addition formulae 105, 243 
Ambiguous case 34, 37, 190 
Amplitude 231 
Arc 137 

Area of sector 137 
Area of triangle 30, 56 
Argand 230 

Bearings 13 

Binomial series 250, 306, 310 
Bisector of angle of triangle 195 
Brocard point 276 

Circle, Oiroum 30, 191 

Circle, Escribed 192 

Circle, Inscribed 192 

Circle of convergence 304 

Circular functions oix + iy 289 

Circular measure 136 

Circular and hyperbolic functions 291 

Complementary angles 3, 6, 19, 94 

Complex indices 300 

Complex numbers 228, 271 

Complex numbers, Functions of 289 

Compound angle 105 

Compound periodic function 178 

Conjugate complex numbers 234 

Convergence 303 

Convergent product 364 

Cosecant 16, 19 

Cosine 2, 19 

Cosine rule 40 

Cosine series 252 

Cotangent 5, 19 

Cotes' property 362 

Cubic equation 161, 878 

Cyclic quadrilateral 202 

Damped oscillation 176 
De Moivre's property of circle 362 
De Mo.'vre’s theorem 238 
Determinants 402 
DifCerenoes, Method of 267, 815 
Differentiation of series 304» 815, 858, 
874 

Differentiation of sin cos x 251 
Divergence 304 
Double angle 54 


Elimination 98, 101, 118, 125, 182, 
163 282 

Equations 87, 88, 97, 100, 110, 118, 
120, 125, 132, 134, 148, 169, 180, 275 
Equations, Simultaneous 160 
Escribed circle 192 
Euler's product 364 
Expansions for sin $ and cos^ 252 
Expansions in finite series 319 
Expansions in infinite series 829 
Exponential functions 298 
Exponential series 250, 806, 311 
Exponential values of sin a;, cos a; 253 

Factors 841, general theorem 846 
Factors, Application of 858 

General angle 81 

General expressions for angles whose 
sine, etc. are given 150~152 
General solution of equations 152 
Geometrical series 805, 309 
Gradient 142 

Graphical solution of equations 180. 
275 

Graphs 90, 172, 275 

Graphs of hyperbolic functions 259 

Gregory's series 334 

Half>angle 112, 123 
Hyperbolic functions 254, 283 
Hyperbolic functions of a? + iy 290 
Hyperbolic and circular functions 291 

Identities 96, 99, 110, 115, 124, 130, 138 

Imaginary numbers 228 

Inoircle 192 

Inequalities 282 

Infinite products 365 

Infinite products, Application of 374 

Infinite series 308, 809 

Integration of series 804, 615 

Inverse functions 86, 102, 117, 126, 294 

Inverse hyperbolic functions 258, 294 

Limits 84, 139, 830 
Log sin etc. 17 
Logarithmic function 298 
Logarithmic series 306, 311 
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Max. and niin. 102, 109, 119, 132, 282 
Median 122, 194 
Modnlus 231 
‘^Multiple angles 54, 112 
Multiplication of series 307 

Negative angle 81 
Nine-point circle 196 

Obtuse angles 35 
Orthocentre 196 
Oscillation 173 

Partial fi actions 359 
Pedal triangle 196 
Period 172, 290, 291, 298 
Periodic function 172 
Periodicity 172 
Polar coordinates 96, 102, 126 
Power series 304 

Principal values 86, 259, 294, 299 
Product formulae 128 
Products 341, Infinite 364 
Projection 20, 70 
Pythagoras 95 

Quadrilateral 202 


Radian 136 
Recurnng series 265 
Boots of a number 239 

Secant 16, 19 
Sector 137 

Series, Summation of 263, 309 

Simple harmonic motion 173, 179 

Simultaneous equations 160 

Sine 1, 19 

Sine curve 90, 173 

Sine rule 36 

Sine series 252 

Small angles 139 

Solution of triangles 33, 86, 41, 43, 52 
Sub-multiple angles 112, 123 
Sum of series 303 
Sums and products 128, 166, 278 
Symmetric functions 380 

Tangent 5, 19 
Tangent rule 52, 185 
Traverses and projections 70 

Vector 231 

Wallis* theorem 375 


30°, 60°, 45°; 8 
0, 90°, 180°, 270°; 83 
18°, 36°; 157 
90°-^; 3, 6, 19,94 
90°+^; 89, 93 
-d; 85, 92 

180°=fc^; 35, 85, 92, 93 

Bin ^ etc.; 64, 66, 112, 113, 123 

tan|; 113 

sin (A ± B) etc. ; 105 

tan (45° + A); 108 

sin 2A etc. ; 54, 112 

sin 3A etc. ; 113 

acos^ + 5sin 119, 155, 178 

2 sin A cos B etc. ; 128 

sin 8 + sin D etc. ; 128 

tan d>d:>An $; 139 

Triangle formulae; 185 

sin n$ etc. ; 244 

Hyperbolic formulae ; 255 

cosh"*^ X etc. ; 259 


TT, Evaluation of 335, 336, 374, 376 
Series cos nO ; 319, 321, 325 
320, 323, 326 


sin $ 
coshnu, 


sinh nu 


326 


sinhu ' 
cos*^ sin** 6 ; 327 
COB a;, sinx; 252, 329 
tana;; 332 
Bin“^a;; 332 
tan-^a?; 334 

Factors cos n0 ; 342, 348, 349, 351 

341, 847, 349, 361, 366 
sin^ " 

, sinhnu 
CQshnt^, ; 851 

a;»±l; 343, 344 
a;a»-2a?"coswa + l; 345 
cos n$ - cos na ; 842 
cosh nu ~ cos na ; 846 
sin0, COS0; 866, 367, 368 
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